
Èçâåñòèÿ âóçîâ. Ñòðîèòåëüñòâî. 2022. ¹ 8. Ñ. 53–64.
ISSN 0536-1052
News of Higher Educational Institutions. Construction. 2022; (8): 53–64.
ISSN 0536-1052

Íàó÷íàÿ ñòàòüÿ
ÓÄÊ 624.07:699.842.001.84
DOI: 10.32683/0536-1052-2022-764-8-53-64

ÀÂÒÎÌÎÄÅËÜÍÛÅ ÄÈÍÀÌÈ×ÅÑÊÈÅ
ÏÐÎÄÎËÜÍÛÅ ÄÅÔÎÐÌÀÖÈÈ ÓÏÐÓÃÎÃÎ ÑÒÅÐÆÍß

ÑÎ ÑÒÅÏÅÍÍÎÉ ÍÅËÈÍÅÉÍÎÑÒÜÞ ÏÐÈ ÝÊÑÒÐÅÌÀËÜÍÎÌ
ÍÅÑÒÀÖÈÎÍÀÐÍÎÌ ÂÍÅØÍÅÌ ÂÎÇÄÅÉÑÒÂÈÈ

Þðèé Àëåêñàíäðîâè÷ ×èðêóíîâ, Ìèõàèë Þðüåâè÷ ×èðêóíîâ
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé àðõèòåêòóðíî-ñòðîèòåëüíûé óíèâåðñèòåò

(Ñèáñòðèí), Íîâîñèáèðñê, Ðîññèÿ

Àííîòàöèÿ. Íàëè÷èå íåñòàöèîíàðíûõ ýêñòðåìàëüíûõ âíåøíèõ âîçäåéñòâèé
íà òàêèå ñòðîèòåëüíûå îáúåêòû, êàê ñâàè è êîëîííû, ìîæåò ïðèâåñòè ê èõ ðàçðóøå-
íèþ. Ê âíåøíèì âîçäåéñòâèÿì îòíîñÿòñÿ, íàïðèìåð, ñèëüíûå ñåéñìè÷åñêèå êîëå-
áàíèÿ, âûçâàííûå çåìëåòðÿñåíèåì èëè âçðûâîì â ðåçóëüòàòå êàêîé-ëèáî òåõíîãåí-
íîé êàòàñòðîôû, à òàêæå ðåçêàÿ ïðîñàäêà ñâàé è êîëîíí èç-çà îáðàçîâàíèÿ ïðîâàëîâ
ïðè òàÿíèè âå÷íîé ìåðçëîòû. Âñå ðåàëüíûå âîëíîâûå ïðîöåññû ÿâëÿþòñÿ íåëè-
íåéíûìè. Ïðîäîëüíîå äèíàìè÷åñêîå äåôîðìèðîâàíèå ñâàé è êîëîíí â ðåçóëüòàòå
òàêèõ âîçäåéñòâèé â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ñ ïîìîùüþ íåëèíåéíîé ìî-
äåëè, îïèñûâàþùåé ïðîäîëüíóþ äèíàìè÷åñêóþ äåôîðìàöèþ óïðóãîãî ñòåðæíÿ
ñî ñòåïåííîé íåëèíåéíîñòüþ ïðè íàëè÷èè ýêñòðåìàëüíîãî íåñòàöèîíàðíîãî âíåø-
íåãî èñòî÷íèêà. Ïîëó÷åíû âñå åå àâòîìîäåëüíûå ïîäìîäåëè. Èñõîäíàÿ ìîäåëü
èìååò 10 ñóùåñòâåííî ðàçëè÷íûõ ïîäìîäåëåé. Äëÿ íåêîòîðûõ ïîäìîäåëåé íå ïðî-
èçîéäåò ðàçðóøåíèÿ ñòåðæíÿ, åñëè òîëüêî îí íå ðàçðóøèòñÿ â íà÷àëüíûé ìîìåíò
âðåìåíè ïîä äåéñòâèåì ýêñòðåìàëüíîãî âíåøíåãî âîçäåéñòâèÿ. Äëÿ äðóãèõ ïîäìî-
äåëåé íàéäåíî âðåìÿ ðàçðóøåíèÿ ñòåðæíÿ â ðåçóëüòàòå äîñòèæåíèÿ êðèòè÷åñêîãî
çíà÷åíèÿ âåëè÷èíû ïðîäîëüíîé äåôîðìàöèè (ïðåäåë ïðî÷íîñòè ìàòåðèàëà ñòåðæ-
íÿ). Ïðè íåêîòîðûõ ÷àñòíûõ çíà÷åíèÿõ ïàðàìåòðîâ, îò êîòîðûõ çàâèñÿò ïîëó÷åí-
íûå ïîäìîäåëè, ïîñòðîåíî äåñÿòü ãðàôèêîâ ðàñïðåäåëåíèÿ ïðîäîëüíîé äåôîðìà-
öèè â ñòåðæíå.
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Original article

SELF-SIMILAR DYNAMIC LONGITUDINAL DEFORMATIONS
OF AN ELASTIC ROD WITH POWER-LAW NONLINEARITY UNDER

EXTREME NONSTATIONARY EXTERNAL INFLUENCE

Yuri A. Chirkunov, Mihail Yu. Chirkunov
Novosibirsk State University of Architecture and Civil Engineering (Sibstrin),

Novosibirsk, Russia

Abstract. The presence of non-stationary extreme external influences on such
construction objects as piles and columns can lead to their destruction. Such impacts
include, for example, strong seismic vibrations caused by an earthquake or explosion as
a result of some man-made disaster, as well as a sharp subsidence of piles and columns as
a  result of the formation of failures during the melting of permafrost. All real wave
processes are non-linear. Longitudinal dynamic deformation of piles and columns as a
result of such actions in this paper is studied using a nonlinear model that describes the
longitudinal dynamic deformation of an elastic rod with a power-law nonlinearity in the
presence of an extreme non-stationary external source. All its self-similar submodels are
obtained. The original model has 10 significantly different such submodels. For some
submodels, the rod will not break unless it breaks at the initial time under the action of
an extreme external influence. For other submodels, the time of destruction of the rod is
found as a result of reaching the critical value of the value of longitudinal deformation
(ultimate strength of the rod material). For some particular values of the parameters on
which the obtained submodels depend, ten graphs of the distribution of longitudinal strain
in the rod were constructed.

Keywords: piles and columns, nonlinear longitudinal dynamic deformation of an
elastic rod with power nonlinearity, extreme external impact, self-similar solutions, time of
destruction of the rod

For citation: Chirkunov Yu.A., Chirkunov M.Yu. Self-similar dynamic longitudinal
deformations of an elastic rod with power-law nonlinearity under extreme nonstationary
external influence. News of Higher Educational Institutions. Construction. 2022; (8):
53–64. (In Russ.). DOI: 10.32683/0536-1052-2022-764-8-53-64.

Ââåäåíèå. Äëÿ èññëåäîâàíèÿ ïðîäîëüíîé äèíàìè÷åñêîé äåôîðìàöèè â
êîëîííàõ è ñâàÿõ ïðè ñèëüíûõ ñåéñìè÷åñêèõ êîëåáàíèÿõ, âûçâàííûõ çåìëå-
òðÿñåíèåì èëè âçðûâîì, à òàêæå ïðè ïðîâàëàõ, îáðàçóþùèõñÿ ïîä ñâàÿìè
è êîëîííàìè â ðåçóëüòàòå òàÿíèÿ âå÷íîé ìåðçëîòû, èñïîëüçóåòñÿ íåëèíåéíàÿ
ìîäåëü, îïèñûâàþùàÿ ïðîäîëüíóþ äèíàìè÷åñêóþ äåôîðìàöèþ óïðóãîãî
ñòåðæíÿ ñî ñòåïåííîé íåëèíåéíîñòüþ ïðè íàëè÷èè ýêñòðåìàëüíîãî íåñòà-
öèîíàðíîãî âíåøíåãî èñòî÷íèêà. Ýòà ìîäåëü çàäàåòñÿ ñëåäóþùèì íåëèíåé-
íûì äèôôåðåíöèàëüíûì óðàâíåíèåì [1–6]:

u u u
t

utt x x= +( )a l
2

, (1)

ãäå t – âðåìÿ, x – êîîðäèíàòà ïîïåðå÷íîãî ñå÷åíèÿ ñòåðæíÿ; u u t x= ( , ) –
ïðîäîëüíîå ïåðåìåùåíèå ïîïåðå÷íîãî ñå÷åíèÿ x ñòåðæíÿ çà âðåìÿ t. Ïàðà-
ìåòðû a è l – ëþáûå íåíóëåâûå âåùåñòâåííûå ÷èñëà, êîòîðûå äëÿ êàæäîãî
êîíêðåòíîãî ìàòåðèàëà íàõîäÿòñÿ ýìïèðè÷åñêè. Ïàðàìåòð a îïðåäåëÿåò õà-
ðàêòåð íåëèíåéíîñòè ïðîäîëüíûõ êîëåáàíèé, à ïàðàìåòð l – íåñòàöèîíàð-

íûé õàðàêòåð èñòî÷íèêà. Ñëàãàåìîå
l

t
u

2
îçíà÷àåò, ÷òî äåôîðìàöèÿ ñòåðæíÿ
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ïðîèñõîäèò ïîä äåéñòâèåì íåñòàöèîíàðíîãî âíåøíåãî èñòî÷íèêà ñ ñèëîé,
ïðîïîðöèîíàëüíîé ïðîäîëüíîìó ïåðåìåùåíèþ.

Ðåøåíèÿ óðàâíåíèÿ (1) îïðåäåëÿþò ïîäìîäåëè äëÿ ìîäåëè, çàäàâàåìîé

ýòèì óðàâíåíèåì. Ïðè a = -
4

3
ìîäåëü áûëà èññëåäîâàíà â ðàáîòå [6]. Îíà

îáëàäàåò äðóãèìè ãðóïïîâûìè ñâîéñòâàìè è, ñëåäîâàòåëüíî, äðóãèìè ïîä-

ìîäåëÿìè. Ïîýòîìó â äàëüíåéøåì ïðåäïîëàãàåì, ÷òî a a +æ
è
ç

ö
ø
÷ ¹

4

3
0.

Àâòîìîäåëüíûå ðåøåíèÿ. Óðàâíåíèå (1) äîïóñêàåò ñëåäóþùèå ïðå-
îáðàçîâàíèÿ ðàñòÿæåíèÿ:

t a t x a x u a u¢ = ¢= ¢ =+b b
b

a, ,1
2

, (2)

t t x bx u b u¢ = ¢ = ¢ =, ,
2

a , (3)

ãäå a b> >0 0, , b – ïðîèçâîëüíûå âåùåñòâåííûå ÷èñëà. Òî åñòü óðàâíåíèå
(1) ïîñëå ïðåîáðàçîâàíèé (2) èëè (3) ñîõðàíÿåò ñâîé âèä. Ðåøåíèå ëþáîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ, èíâàðèàíòíîãî îòíîñèòåëüíî ïðåîáðàçîâà-
íèÿ ðàñòÿæåíèÿ, ÿâëÿåòñÿ àâòîìîäåëüíûì [7–9]. Ìíîæåñòâî ïðåîáðàçîâà-
íèé ðàñòÿæåíèÿ, äîïóñêàåìûõ óðàâíåíèåì (1), ñîñòîèò èç ïðåîáðàçîâà-
íèé (2) è (3).

Ñëåäîâàòåëüíî, àâòîìîäåëüíûå ðåøåíèÿ ýòîãî óðàâíåíèÿ èñ÷åðïûâà-
þòñÿ ðåøåíèÿìè, èíâàðèàíòíûìè îòíîñèòåëüíî êàæäîãî èç ýòèõ ïðåîáðà-
çîâàíèé. Íàñòîÿùàÿ ñòàòüÿ ïîñâÿùåíà èññëåäîâàíèþ ìîäåëåé ïðîäîëüíîãî
äåôîðìèðîâàíèÿ ñòåðæíÿ, îïèñûâàåìûõ ýòèìè àâòîìîäåëüíûìè ðåøå-
íèÿìè.

1. Ðåøåíèå, èíâàðèàíòíîå îòíîñèòåëüíî ïðåîáðàçîâàíèé (2)
Ýòî ðåøåíèå èìååò ðàçíûé âèä ïðè b ¹ -1 è ïðè b = -1.

1.1. Ðåøåíèå ïðè â –1.
Ýòî ðåøåíèå èìååò âèä

u x U tx= =+
-

+
2

1

1

1

b
a b bx x( ) ( ), . (4)

Ôóíêöèÿ U U= ( )x îïðåäåëÿåò äèíàìè÷åñêóþ ñîñòàâëÿþùóþ ïðîäîëü-
íîãî ïåðåìåùåíèÿ ñå÷åíèÿ ñòåðæíÿ. Ïîñëå ïîäñòàíîâêè (4) â (1) ïîëó÷àåì
óðàâíåíèå

a x b b a x

b
a

a b b

a a

a

(( ( ) ) ) ( )

( ( ) )

2 21 4

2
1 2

U U U U

U

- + ¢ ¢- + ¢ +

+ - + +1
2

2

1
=

+la b

x

( )
.U

(5)

· Åñëè x ba2 21 0U - + ¹( ) , òî ñ ïîìîùüþ íîâîé íåèçâåñòíîé ôóíêöèè

W U U= - + ¢( ( ) )x ba2 21

óðàâíåíèå (5) çàïèñûâàåòñÿ â âèäå ýêâèâàëåíòíîé åìó ñèñòåìû ïåðâîãî ïî-
ðÿäêà:
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2
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(6)

À èìåííî:
1) äëÿ ëþáîãî ðåøåíèÿ óðàâíåíèÿ (5) ïàðà ôóíêöèé ( ( ), ( ))U Wx x ÿâëÿåòñÿ

ðåøåíèåì ñèñòåìû (6), ãäå W U U( ) ( ( ) )x x ba= - + ¢2 21 ;

2) äëÿ ëþáîãî ðåøåíèÿ ñèñòåìû (6) ôóíêöèÿ U( )x ÿâëÿåòñÿ ðåøåíèåì
óðàâíåíèÿ (5).

Ïóñòü â ñå÷åíèè ñòåðæíÿ x0 0> â ìîìåíò âðåìåíè t0 0> èçìåðåíû ïðî-
äîëüíîå ïåðåìåùåíèå u0 è ñêîðîñòü åãî èçìåíåíèÿ u1

u t x u
u

t
t x u( , ) , ( , ) .0 0 0 0 0 1=

¶
¶

= (7)

Â ñèëó (4) óñëîâèÿ (7) ïðèíèìàþò âèä:

U x u W x t x u( ) , ( ) (( ) ( )x x a
b

a b
a b

a b a
0 0

2

1
0 0 0

2

1
0
2

0
2

0= =
-

+
-

+ - - + =
-
+( ) ) ,b x b1 2

1 0 0 0

1

1
u t x . (8)

Åñëè u t x0
2

0
2

0

2

11¹ + -
+
+( )

( )

( )b
a b

a b , òî â ñèëó ãëàäêîñòè ïðàâûõ ÷àñòåé ñèñòåìû

(6) ðåøåíèå çàäà÷è Êîøè (6), (8) ñóùåñòâóåò è åäèíñòâåííî â îêðåñòíîñòè
òî÷êè x0. Ýòî îçíà÷àåò, ÷òî ìîæíî êîððåêòíî ðåøàòü ÷èñëåííî íåëèíåéíóþ
çàäà÷ó Êîøè (6), (8). Â ðåçóëüòàòå â ñèëó (4) ïîëó÷àåòñÿ åäèíñòâåííîå ðåøå-
íèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèÿì (7). Ñëåäîâàòåëüíî, åñëè â ñå-
÷åíèè ñòåðæíÿ x0 0> â ìîìåíò âðåìåíè t0 0> èçìåðåíû ïðîäîëüíîå ïåðåìå-
ùåíèå è ñêîðîñòü åãî èçìåíåíèÿ, òî ìîæíî îäíîçíà÷íî îïðåäåëèòü ïðîäîëü-

íîå ïåðåìåùåíèå â îêðåñòíîñòè òî÷êè
( , ).t x0 0

Äëÿ âûÿñíåíèÿ õàðàêòåðà ïîâåäå-
íèÿ ïðîäîëüíîãî ïåðåìåùåíèÿ ñ òå÷åíè-
åì âðåìåíè ÷èñëåííî ðåøàåòñÿ çàäà÷à
Êîøè (6), (8) äëÿ êîíêðåòíûõ çíà÷åíèé
âõîäÿùèõ â íåå ïàðàìåòðîâ, ôèêñàöèÿ
êîòîðûõ îïðåäåëÿåò êîíêðåòíóþ ïîä-
ìîäåëü ðàññìàòðèâàåìîé ìîäåëè (1).

Äëÿ t0 1= , x0 1= , u0 1= , u1 2= ,
a = - 4, b = 1 ãðàôèê ôóíêöèè U U= ( )x ,
îïðåäåëÿþùåé çàâèñèìîñòü ïðîäîëüíî-
ãî ïåðåìåùåíèÿ îò âðåìåíè, ïîêàçàí íà
ðèñ. 1. Ýòîò ãðàôèê ïîëó÷åí â ðåçóëüòàòå
÷èñëåííîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ
ñèñòåìû (6) ñ óñëîâèÿìè (8) ìåòîäîì
Ðóíãå–Êóòòà–Ôåëüáåðãà, ïðèâåäåííûì
â [10] (ñ ïîðÿäêîì òî÷íîñòè 4 (5)).

Èç ðèñ. 1 âèäíî, ÷òî äëÿ äàííîé ïîä-
ìîäåëè ïðîäîëüíîå ïåðåìåùåíèå â êàæ-
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Ðèñ. 1. Ðàñïðåäåëåíèå äèíàìè÷åñêîé
ñîñòàâëÿþùåé ïðîäîëüíîãî ïåðåìå-

ùåíèÿ

Fig. 1. Distribution of the dynamic
component of the longitudinal displace-

ment



äîé òî÷êå x ìîíîòîííî âîçðàñòàåò ñ òå÷åíèåì âðåìåíè, ÷òî âûçîâåò åãî ðàç-
ðóøåíèå.

· Åñëè x ba2 21 0U - + =( ) , òî èç óðàâíåíèÿ (4) ñëåäóåò, ÷òî

l
b

a
ab b= - + + ¹

2
2 4 0( ) .

Â ýòîì ñëó÷àå ïðîäîëüíîå ïåðåìåùåíèå îïðåäåëÿåòñÿ ïî ôîðìóëå

u
x

t
= +æ

è
ç

ö
ø
÷( )b

a
1

2

. (9)

Ýòî ðåøåíèå èìååò ôèçè÷åñêèé ñìûñë òîëüêî ïðè b > -1.
Ïðîäîëüíàÿ äåôîðìàöèÿ èìååò âèä

e e
a

b a a
a

a= = +
-

-

( , ) ( )t x t x
2

1
2 2 2

.

Ïðè a > 0 â êàæäîì ïîïåðå÷íîì ñå÷åíèè ñòåðæíÿ ñ òå÷åíèåì âðåìåíè
äåôîðìàöèÿ ìîíîòîííî óáûâàåò è e ® 0 ïðè t ® ¥. Çíà÷èò, åñëè òîëüêî
ñòåðæåíü íå ðàçðóøèòñÿ â íà÷àëüíûé ìîìåíò âðåìåíè, òî ðàçðóøåíèå ñòåðæ-
íÿ ñî âðåìåíåì íå ïðîèçîéäåò.

Ïðè a < 0 â êàæäîì ïîïåðå÷íîì ñå÷åíèè ñòåðæíÿ ñ òå÷åíèåì âðåìå-
íè  äåôîðìàöèÿ ìîíîòîííî âîçðàñòàåò è e ® ¥ ïðè t ® ¥. Ñëåäîâàòåëüíî,
â òî÷êå x* ïðîèçîéäåò ðàçðóøåíèå ñòåðæíÿ â ìîìåíò âðåìåíè

t x*
*

*( )= +
æ

è
çç

ö

ø
÷÷

-

b
ae

a
a

1
2 2

2

2 ,

ãäå e* – êðèòè÷åñêîå çíà÷åíèå ïðîäîëüíîé äåôîðìàöèè (ïðåäåëüíàÿ ïðî÷-
íîñòü ìàòåðèàëà äàííîãî ñòåðæíÿ).

Ïóñòü a b= = > >1 0 0, ,t x . Â ýòîì ñëó÷àå ãðàôèê ðàñïðåäåëåíèÿ äåôîð-
ìàöèè â ñòåðæíå ïîêàçàí íà ðèñ. 2.

Èç ðèñ. 2 ñëåäóåò, ÷òî äëÿ äàííîé ïîäìîäåëè ðàçðóøåíèå ñòåðæíÿ íå ïðî-
èçîéäåò, åñëè òîëüêî îí íå ðàçðóøèòñÿ â íà÷àëüíûé ìîìåíò âðåìåíè.

1.2. Ðåøåíèå ïðè â = –1.
Ýòî ðåøåíèå èìååò âèä

u t U x=
-

2

a ( ). (10)

Ïîñëå ïîäñòàíîâêè (10) â (1) ïîëó÷àåì óðàâíåíèå
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.
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¹ -
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( ), òî ïðîäîëüíîå ïåðåìåùåíèå îïðåäåëÿåòñÿ

ïî ôîðìóëàì

u t c x c

c c x

= + + ¹ -
= -

- +
2

1 2

1

1

2 1

1 1

1

a aa a
a

( ( ) ) , ,

,

ïðè

exp( ) ïðè ,

ì
í
ï

îï
(11)

ãäå c c1 2, – ïðîèçâîëüíûå âåùåñòâåííûå ïîñòîÿííûå.
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Ïðîäîëüíàÿ äåôîðìàöèÿ èìååò âèä

e a a
a

a

a
a= + + ¹ -

-
-

+
c t c x c

c c x
1

2

1 2
1

2 1

1 1( ( ) ) , ,

,

ïðè

exp( ) ïðè = -

ì
í
ï

îï 1.

Ïðè a > 0 â êàæäîì ïîïåðå÷íîì ñå÷åíèè ñòåðæíÿ ñ òå÷åíèåì âðåìåíè
äåôîðìàöèÿ ìîíîòîííî óìåíüøàåòñÿ è e ® 0 ïðè t ® ¥. Ñëåäîâàòåëüíî, ðàç-
ðóøåíèå ñòåðæíÿ ñ òå÷åíèåì âðåìåíè íå ïðîèçîéäåò, åñëè òîëüêî îí íå ðàç-
ðóøèòñÿ â íà÷àëüíûé ìîìåíò âðåìåíè ïîä äåéñòâèåì ñèíãóëÿðíîãî âîçìó-
ùåíèÿ.

Ïóñòü a = = = > >1 1 1 0 01 2, , , ,c c t x . Â ýòîì ñëó÷àå ãðàôèê ðàñïðå-
äåëåíèÿ äåôîðìàöèè â ñòåðæíå ïîêàçàí íà ðèñ. 3.

Ïðè a < 0 â êàæäîì ïîïåðå÷íîì ñå÷åíèè ñòåðæíÿ ñ òå÷åíèåì âðåìåíè
äåôîðìàöèÿ ìîíîòîííî óâåëè÷èâàåòñÿ è e ® ¥ ïðè t ® ¥. Ñëåäîâàòåëüíî,
â òî÷êå x* ïðîèçîéäåò ðàçðóøåíèå ñòåðæíÿ â ìîìåíò âðåìåíè

t
c c x c

c

*
*

*
( )( ( ) ) , ,

=
æ

è
çç
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ø
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+ + ¹ -
-

+
1 2 1 2

2 11 1

2

e

a a
a

a
a ïðè

2
2 1

2
1

a
a

aexp ïðè
c x* , ,

æ

è
ç

ö

ø
÷ = -

ì

í

ï
ï

î

ï
ï

ãäå e* – êðèòè÷åñêîå çíà÷åíèå ïðîäîëüíîé äåôîðìàöèè (ïðåäåëüíàÿ ïðî÷-
íîñòü ìàòåðèàëà äàííîãî ñòåðæíÿ).

Ïóñòü a = - = = > >
1

2
1

1

2
0 01 2, , , ,c c t x . Â ýòîì ñëó÷àå ãðàôèê ðàñ-

ïðåäåëåíèÿ äåôîðìàöèè â ñòåðæíå ïîêàçàí íà ðèñ. 4.
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Ðèñ. 2. Ðàñïðåäåëåíèå äåôîðìàöèè â
ñòåðæíå ïðè a = b = 1, t > 0, x > 0

Fig. 2. Distribution of deformation in the
rod at a = b = 1, t > 0, x > 0

Ðèñ. 3. Ðàñïðåäåëåíèå äåôîðìàöèè â
ñòåðæíå ïðè a = 1, c1 1= , c2 1= , t > 0,

x > 0

Fig. 3. Distribution of deformation in the
rod at a = = = > >1 1 1 0 01 2, , , ,c c t x



Ïóñòü a = - = =1
1

10
11 2, ,c c . Â ýòîì ñëó÷àå ãðàôèê ðàñïðåäåëåíèÿ äå-

ôîðìàöèè â ñòåðæíå ïîêàçàí íà ðèñ. 5.
Ðèñ. 4 è 5 ïîêàçûâàþò, ÷òî äëÿ ïîäìîäåëåé ñ âûáðàííûìè çíà÷åíèÿìè

âåëè÷èí a, ,c c1 2 ðàçðóøåíèå ñòåðæíÿ ïðîèçîéäåò î÷åíü áûñòðî.
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a
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+
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3
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+
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, (12)

ãäå c c3 4, – ïðîèçâîëüíûå âåùåñòâåííûå ïîñòîÿííûå.
Ïðîäîëüíàÿ äåôîðìàöèÿ îïðåäåëÿåòñÿ ïî ôîðìóëå

e
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( )
( ) .x c c

Ïóñòü a l= = = = > >2 3 1 1 0 03 4, , , , ,c c t x . Â ýòîì ñëó÷àå ãðàôèê

ðàñïðåäåëåíèÿ äåôîðìàöèè â ñòåðæíå ïîêàçàí íà ðèñ. 6.
Èç ðèñ. 6 ñëåäóåò, ÷òî äëÿ äàííîé ïîäìîäåëè ðàçðóøåíèÿ ñòåðæíÿ íå ïðî-

èçîéäåò, åñëè òîëüêî îí íå ðàçðóøèòñÿ â íà÷àëüíûé ìîìåíò âðåìåíè ïîä
äåéñòâèåì ñèíãóëÿðíîãî âîçìóùåíèÿ.
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Ðèñ. 4. Ðàñïðåäåëåíèå äåôîðìàöèè â

ñòåðæíå ïðè a = -
1

2
, c1 1= , c2

1

2
= , t > 0,

x > 0

Fig. 4. Distribution of deformation in the

rod ata = - = = > >
1

2
1

1

2
0 01 2, , , ,c c t x

Ðèñ. 5. Ðàñïðåäåëåíèå äåôîðìàöèè â

ñòåðæíå ïðè a = - = =1
1

10
11 2, ,c c

Fig. 5. Distribution of deformation in the

rod at a = - = =1
1

10
11 2, ,c c



· Åñëè a = - 2, òî ïðîäîëüíîå ïåðå-

ìåùåíèå èìååò âèä

u tU x= ( ), (13)

ãäå ôóíêöèÿ U x( ) íåÿâíî îïðåäåëÿåòñÿ
êâàäðàòóðîé

dU

U c U
x c

2
5

6
2-

= ± +ò lln
.

Çäåñü c c5 6, – ïðîèçâîëüíûå âåùå-
ñòâåííûå ïîñòîÿííûå.

Ñ ïîìîùüþ çàìåíûW c U= -5 2lln

ýòî îòíîøåíèå ïðèâîäèòñÿ ê âèäó

exp exp
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2 2l
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÷ò ( )m .

Ïðè l = -1 èíòåãðàë â ëåâîé ÷àñòè
ÿâëÿåòñÿ ïåðâîîáðàçíîé ôóíêöèè âåðîÿòíîñòè Ëàïëàñà.

Äåôîðìàöèÿ îïðåäåëÿåòñÿ ïî ôîðìóëå

e l= -tU c U2
5 2 ln .

· Åñëèa l= - ¹1 2, , òî óðàâíåíèå (1) èìååò òðè èíâàðèàíòíûõ ðåøåíèÿ
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ãäå c kk ( , , , )= 8 9 10 11 – ïðîèçâîëüíûå âåùåñòâåííûå ïîñòîÿííûå.
Ñîîòâåòñòâóþùèå äåôîðìàöèè èìåþò âèä
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Ðèñ. 6. Ðàñïðåäåëåíèå äåôîðìàöèè â
ñòåðæíå ïðè a = 2, c3 3= , c4 1= ,

l = 1, t > 0, x > 0

Fig. 6. Distribution of deformation in the
rod at a = 2, c3 3= , c4 1= , l = 1, t > 0,

x > 0



Â êàæäîì ôèêñèðîâàííîì ñå÷åíèè ñòåðæíÿ ñ òå÷åíèåì âðåìåíè ýòè äå-
ôîðìàöèè ìîíîòîííî âîçðàñòàþò è e k k® ¥ =( , , )1 2 3 ïðè t ® ¥. Ñëåäîâà-
òåëüíî, äëÿ êàæäîé èç ýòèõ ïîäìîäåëåé â òî÷êå x* ïðîèçîéäåò ðàçðóøåíèå
ñòåðæíÿ â ñîîòâåòñòâóþùèé ìîìåíò âðåìåíè t kk* ( , , )= 1 2 3 , ãäå
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Çäåñü e* – êðèòè÷åñêîå çíà÷åíèå ïðîäîëüíîé äåôîðìàöèè (ïðåäåëüíàÿ ïðî÷-
íîñòü ìàòåðèàëà ñòåðæíÿ).

Äëÿ ýòèõ ïîäìîäåëåé ïðåäñòàâëåíû ãðàôèêè ðàñïðåäåëåíèÿ äåôîðìàöèè
â ñòåðæíå ïðè êîíêðåòíûõ çíà÷åíèÿõ âõîäÿùèõ â íèõ ïàðàìåòðîâ.

Ïðè l = = > >3 1 0 07, , ,c t x ãðàôèê ðàñïðåäåëåíèÿ äåôîðìàöèè â ñòåðæ-
íå ïîêàçàí íà ðèñ. 7.

Ïðè l = = = - > >1 1 0 08 9, , ,c c t x ãðàôèê ðàñïðåäåëåíèÿ äåôîðìàöèè â
ñòåðæíå ïîêàçàí íà ðèñ. 8.

Ïðè l = = = > >3 1 0 010 11, , ,c c t x ãðàôèê ðàñïðåäåëåíèÿ äåôîðìàöèè â
ñòåðæíå ïîêàçàí íà ðèñ. 9.

2. Ðåøåíèå, èíâàðèàíòíîå îòíîñèòåëüíî ïðåîáðàçîâàíèé (3)
Ýòî ðåøåíèå èìååò âèä

u x U t=
2

a ( ). (15)

Ïîäñòàíîâêà (15) â (1) äàåò óðàâíåíèå

U U
t

U²=
+

++2 2
2

1
2

( )a

a

la .
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Ðèñ. 7. Ðàñïðåäåëåíèå äåôîðìàöèè
e e= 1( , )t x â ñòåðæíå

Fig. 7. Distribution of deformation
e e= 1( , )t x in the rod

Ðèñ. 8. Ðàñïðåäåëåíèå äåôîðìàöèè
e e= 2 ( , )t x â ñòåðæíå

Fig. 8. Distribution of deformation
e e= 2 ( , )t x in the rod



Ïðè a = - 2 ïðîäîëüíîå ïåðåìåùåíèå îïðåäåëÿåòñÿ ïî ôîðìóëàì
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ãäå c kk ( , ,..., )= 12 13 17 – ïðîèçâîëüíûå âåùåñòâåííûå ïîñòîÿííûå.
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Äåôîðìàöèÿ e

l

= - Î ¥

- +

c
t

x
x13

1 1 4

2

2
0, ( , ) â êàæäîì ïîïåðå÷íîì ñå÷åíèè

ñòåðæíÿ ñ òå÷åíèåì âðåìåíè ìîíîòîííî óáûâàåò è e ® 0 ïðè t ® ¥. Çíà÷èò,
â ýòîì ñëó÷àå ðàçðóøåíèÿ ñòåðæíÿ ñî âðåìåíåì íå ïðîèçîéäåò, åñëè òîëüêî
îí íå ðàçðóøèòñÿ â íà÷àëüíûé ìîìåíò âðåìåíè ïîä äåéñòâèåì ñèíãóëÿðíîãî
âîçìóùåíèÿ. Ïðè c c t x12 130 1 2 0 0= = - = > >, , , ,l ãðàôèê ðàñïðåäåëåíèÿ
äåôîðìàöèè â ñòåðæíå ïîêàçàí íà ðèñ. 10.
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Ðèñ. 9. Ðàñïðåäåëåíèå äåôîðìàöèè
e e= 3 ( , )t x â ñòåðæíå

Fig. 9. Distribution of deformation
e e= 3 ( , )t x in the rod

Ðèñ. 10. Ðàñïðåäåëåíèå äåôîðìàöèè
â ñòåðæíå ïðè c12 0= , c13 1= - , l = 2,

t > 0, x > 0

Fig. 10. Distribution of deformation in
the rod at c12 0= , c13 1= - , l = 2, t > 0,

x > 0



Äëÿ äðóãèõ äåôîðìàöèé èç (17) â êàæäîì ïîïåðå÷íîì ñå÷åíèè ñòåðæíÿ
ñ òå÷åíèåì âðåìåíè äåôîðìàöèÿ ìîíîòîííî âîçðàñòàåò è e ® ¥ ïðè t ® ¥.
Çíà÷èò, â ýòîì ñëó÷àå ñî âðåìåíåì ïðîèçîéäåò ðàçðóøåíèå ñòåðæíÿ.

Çàêëþ÷åíèå. Äëÿ èññëåäîâàíèÿ ïðîäîëüíîé äèíàìè÷åñêîé äåôîðìàöèè
â êîëîííàõ è ñâàÿõ ïðè ñèëüíûõ ñåéñìè÷åñêèõ êîëåáàíèÿõ, âûçâàííûõ çåìëå-
òðÿñåíèåì èëè âçðûâîì, à òàêæå ïðè ïðîâàëàõ, îáðàçóþùèõñÿ ïîä ñâàÿìè
è êîëîííàìè â ðåçóëüòàòå òàÿíèÿ âå÷íîé ìåðçëîòû, èñïîëüçîâàíà çàäàâàåìàÿ
äèôôåðåíöèàëüíûì óðàâíåíèåì (1) íåëèíåéíàÿ ìîäåëü, îïèñûâàþùàÿ ïðî-
äîëüíóþ äèíàìè÷åñêóþ äåôîðìàöèþ óïðóãîãî ñòåðæíÿ ñî ñòåïåííîé íåëè-
íåéíîñòüþ ïðè íàëè÷èè ýêñòðåìàëüíîãî íåñòàöèîíàðíîãî âíåøíåãî èñòî÷-
íèêà. Ïîëó÷åíû âñå åå àâòîìîäåëüíûå ïîäìîäåëè, çàäàâàåìûå àâòîìîäåëü-
íûìè ðåøåíèÿìè (4), (9)–(16). Èñõîäíàÿ ìîäåëü èìååò 10 ñóùåñòâåííî
ðàçëè÷íûõ ïîäìîäåëåé.

Äëÿ êàæäîé ïîäìîäåëè ïðè íåêîòîðûõ ÷àñòíûõ çíà÷åíèÿõ ïàðàìåòðîâ,
îò êîòîðûõ çàâèñÿò ïîëó÷åííûå ïîäìîäåëè, ïîñòðîåíû ãðàôèêè ðàñïðåäåëå-
íèÿ ïðîäîëüíîé äåôîðìàöèè â ñòåðæíå. Äëÿ íåêîòîðûõ ïîäìîäåëåé ðàçðóøå-
íèÿ ñòåðæíÿ íå ïðîèçîéäåò, åñëè òîëüêî îí íå ðàçðóøèòñÿ â íà÷àëüíûé ìî-
ìåíò âðåìåíè ïîä äåéñòâèåì ýêñòðåìàëüíîãî âíåøíåãî âîçäåéñòâèÿ. Äëÿ
äðóãèõ ïîäìîäåëåé íàéäåíî âðåìÿ ðàçðóøåíèÿ ñòåðæíÿ â ðåçóëüòàòå äîñòè-
æåíèÿ êðèòè÷åñêîãî çíà÷åíèÿ âåëè÷èíû ïðîäîëüíîé äåôîðìàöèè (ïðåäåë
ïðî÷íîñòè ìàòåðèàëà ñòåðæíÿ).

Ïðàêòè÷åñêàÿ çíà÷èìîñòü èññëåäîâàíèÿ çàêëþ÷àåòñÿ â ñëåäóþùåì:
1) ïîëó÷åííûå ïîäìîäåëè îïèñûâàþò ñïåöèàëüíûå íåëèíåéíûå ïðî-

äîëüíûå äèíàìè÷åñêèå äåôîðìàöèè â óïðóãîì ñòåðæíå ïðè ýêñòðåìàëüíîì
âíåøíåì âîçäåéñòâèè;

2) àâòîìîäåëüíûå ðåøåíèÿ, çàäàþùèå ýòè ïîäìîäåëè ìîæíî èñïîëüçî-
âàòü â êà÷åñòâå òåñòîâ â ÷èñëåííûõ ðàñ÷åòàõ, êîòîðûå ìîãóò âûïîëíÿòüñÿ
ïðè èññëåäîâàíèè íåëèíåéíûõ ïðîäîëüíûõ äåôîðìàöèé â óïðóãèõ ñòåðæíÿõ
(ñâàÿõ, êîëîííàõ è äð.) ïðè ýêñòðåìàëüíîì âíåøíåì âîçäåéñòâèè;

3) àâòîìîäåëüíîñòü ïîëó÷åííûõ ðåøåíèé ïîçâîëÿåò èñïîëüçîâàòü èõ äëÿ
ëàáîðàòîðíîãî, à íå ðåàëüíîãî ýêñïåðèìåíòàëüíîãî èññëåäîâàíèÿ óêàçàííûõ
äåôîðìàöèé.
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