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Àííîòàöèÿ. Îñòðàÿ ïîòðåáíîñòü âîññòàíîâëåíèÿ ðàçðóøåííûõ ïîðòîâûõ æåëå-
çîáåòîííûõ ñîîðóæåíèé, îñîáåííî â ñåâåðíûõ àêâàòîðèÿõ Òèõîãî îêåàíà, íóæäàåòñÿ
â ïîíèìàíèè ïðîèñõîäÿùèõ ïðè ýòîì ôèçè÷åñêèõ ïðîöåññîâ. Ðàçðóøèòåëüíîå âîç-
äåéñòâèå êàðáîíèçàöèè, õëîðèäíîé è ñóëüôàòíîé àãðåññèé, ÿâëÿþùèõñÿ îñíîâíûìè
ôàêòîðàìè ïîòåðè áåòîíîì, ýêñïëóàòèðóþùèìñÿ â êîíòàêòå ñ ìîðñêîé âîäîé, ïîòðå-
áèòåëüñêèõ ñâîéñòâ, óñóãóáëÿåòñÿ äèíàìè÷åñêèì âîçäåéñòâèåì âîäû íà ïîâåðõíîñòü
áåòîííûõ êîíñòðóêöèé. Òàêîå âîçäåéñòâèå âîçìîæíî îïèñàòü è ïðîàíàëèçèðîâàòü,
èñïîëüçóÿ ìîäåëü ìåëêîé âîäû ñ íàêëîííûì äíîì, êîòîðàÿ ïðèìåíÿåòñÿ ïðè èññëå-
äîâàíèè íàêàòà âîëí íà áåðåã, à òàêæå ïðè èññëåäîâàíèè ðàñïðîñòðàíåíèÿ æèäêîñòè
â êàíàëàõ. Ýòó ìîäåëü âñå ÷àùå ïðèâëåêàþò äëÿ ïðîâåäåíèÿ òåõíè÷åñêèõ ýêñïåðòèç
íà ýòàïå ïðîåêòèðîâàíèÿ ãèäðîñîîðóæåíèé, äëÿ îöåíêè ýêîëîãè÷åñêèõ ïîñëåäñòâèé
ðàçëè÷íûõ íåãàòèâíûõ ïðîöåññîâ, âîçìîæíûõ ÷ðåçâû÷àéíûõ ñîáûòèé è àâàðèé, äëÿ
êàäàñòðîâûõ ðàáîò. Îíà îïèñûâàåò òå÷åíèå íåñæèìàåìîé æèäêîñòè â îáëàñòÿõ, ãîðè-
çîíòàëüíûå ðàçìåðû êîòîðûõ ïðåîáëàäàþò íàä ãëóáèíîé.

Èññëåäóåòñÿ ñèñòåìà íåëèíåéíûõ óðàâíåíèé, îïèñûâàþùèõ ðàñïðîñòðàíåíèå
ïîâåðõíîñòíûõ âîëí ñ ïðÿìîëèíåéíûì äíîì â ðàìêàõ îäíîìåðíîé ìîäåëè ìåëêîé
âîäû, ïàðàìåòðîì êîòîðîé ÿâëÿåòñÿ óãëîâîé êîýôôèöèåíò íàêëîíà äíà. Ìåòîäîì
À-îïåðàòîðîâ ïîëó÷åíû âñå çàêîíû ñîõðàíåíèÿ íóëåâîãî ïîðÿäêà äëÿ ýòîé ñèñòåìû.
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Íàéäåííûå çàêîíû ñîõðàíåíèÿ ìîãóò áûòü èñïîëüçîâàíû ïðè ïðîâåäåíèè ÷èñëåííûõ
ðàñ÷åòîâ ñ ïîìîùüþ êîíñåðâàòèâíûõ ðàçíîñòíûõ ñõåì. Çàêîíû ñîõðàíåíèÿ òàêæå
ìîãóò áûòü èñïîëüçîâàíû ïðè ÷èñëåííûõ ðàñ÷åòàõ â êà÷åñòâå òåñòîâ íà êàæäîì øàãå
âû÷èñëåíèé. Ïîëó÷åíû òî÷íûå ðåøåíèÿ ñèñòåìû, òðè èç êîòîðûõ îïèñûâàþò ðåçêîå
îáðóøåíèå âîëí íà áåðåã, à îäíî – ïëàâíûé íàêàò âîëíû íà áåðåã. Â ïåðâîì ñëó÷àå
äèíàìè÷åñêîå âîçäåéñòâèå âîäû íà ïîâåðõíîñòü áåòîííûõ êîíñòðóêöèé îêàçûâàåò
ñèëüíîå ðàçðóøèòåëüíîå âîçäåéñòâèå. Âî âòîðîì – íå îêàçûâàåò ðàçðóøèòåëüíîãî
âîçäåéñòâèÿ. Íàéäåííûå ðåøåíèÿ çàâèñÿò â îáùåé ñëîæíîñòè îò 10 ïðîèçâîëüíûõ
ïîñòîÿííûõ. Ýòî ïîçâîëÿåò ïðè ìîäåëèðîâàíèè ðåàëüíûõ ïðîöåññîâ ïîäîáðàòü
ïîñòîÿííûå òàê, ÷òîáû ïîëó÷åííûå ôîðìóëû íàèáîëåå àäåêâàòíî èõ îïèñûâàëè.

Êëþ÷åâûå ñëîâà: ìîäåëü ìåëêîé âîäû ñ íàêëîííûì äíîì, òî÷íûå ðåøåíèÿ,
çàêîíû ñîõðàíåíèÿ, ðåçêîå îáðóøåíèå âîëí íà áåðåã, ðàçðóøèòåëüíîå âîçäåéñòâèå
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Abstract. The urgent need to restore the destroyed port reinforced concrete structures,
especially in the northern waters of the Pacific Ocean, requires an understanding of
the  physical processes occurring in this case. The destructive effect of carbonization,
chloride and sulfate aggression, which are the main factors in the loss of consumer
properties by concrete operating in contact with sea water, is aggravated by the dynamic
effect of water on the surface of concrete structures. Such an impact can be described
and  analyzed using a shallow water model with a sloping bottom, which is used in the
study of wave run-up on the coast, as well as in the study of fluid propagation in channels.
This model is increasingly used to conduct technical expertise at the design stage of
hydraulic structures, to assess the environmental consequences of various negative
processes, possible emergency events and accidents, and for cadastral work. It describes
the flow of an incompressible fluid in regions whose horizontal dimensions predominate
over depth.

In this paper, we study a system of nonlinear equations that describe the propagation
of surface waves with a straight bottom in the framework of a one-dimensional shallow
water model, the parameter of which is the slope of the bottom slope. Using the operator
method, all zero-order conservation laws for this system are obtained. The found
conservation laws can be used in numerical calculations using conservative difference
schemes. These conservation laws can also be used in numerical calculations as tests at
each calculation step. Exact solutions of this system are obtained, three of which describe
a  sharp breaking of waves on the shore, and one describes a smooth wave run-up on
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the shore. In the first case, the dynamic effect of water on the surface of concrete structures
has a strong destructive effect. In the second – does not have a destructive effect. The
solutions found depend on a total of 10 arbitrary constants. This allows, when modeling
real processes, to select these constants so that the resulting formulas most adequately
describe these processes.

Keywords: model of shallow water with a sloping bottom, exact solutions,
conservation laws, abrupt breaking of waves on the shore, destructive effect of water on the
surface of concrete structures

For citation: Chirkunov Yu.A., Pikmullina E.O., Molodin V.V. Investigation of
influence of sea waves on the destruction of port facilities using a shallow water model with
an inclined bottom. News of Higher Educational Institutions. Construction. 2022; (3):
68–79. (In Russ.). DOI: 10.32683/0536-1052-2022-759-3-68-79.

1. Ââåäåíèå. Ìíîãèå ïðèêëàäíûå è èíæåíåðíûå çàäà÷è òðåáóþò èíñòðó-
ìåíòîâ äëÿ ðàñ÷åòà äèíàìèêè ïîâåðõíîñòíûõ âîä. Ýòî ïðåæäå âñåãî îòíîñèò-
ñÿ ê ïðîáëåìàì âîëí öóíàìè, âîçäåéñòâèþ ìîðÿ íà áåðåã, íàâîäíåíèÿì,
ñåçîííûì çàòîïëåíèÿì, ñòîêîâûì è äîæäåâûì ïîòîêàì, ãðóíòîâûì âîäàì,
îõëàæäåíèþ òåïëîâûäåëÿþùèõ ýëåìåíòîâ íà àòîìíûõ ýëåêòðîñòàíöèÿõ.
Ìîäåëü ìåëêîé âîäû ïîçâîëÿåò ýôôåêòèâíî îïèñûâàòü äàííûå ÿâëåíèÿ
[1–10]. Ýòó ìîäåëü ÷àñòî èñïîëüçóþò ïðè ïðîâåäåíèè òåõíè÷åñêèõ ýêñïåðòèç
íà ýòàïå ïðîåêòèðîâàíèÿ ïîðòîâ è ãèäðîñîîðóæåíèé.

Â íàñòîÿùåé ðàáîòå äëÿ èññëåäîâàíèÿ âëèÿíèÿ âîçäåéñòâèÿ ìîðñêèõ
âîëí íà ðàçðóøåíèå ïîðòîâûõ ñîîðóæåíèé èñïîëüçóåòñÿ ìîäåëü ìåëêîé âîäû
ñ ïðÿìîëèíåéíûì äíîì. Îíà çàäàåòñÿ íåëèíåéíîé ñèñòåìîé ãèïåðáîëè÷å-
ñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé [11]
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ãäå u u t x= ( , ) – ñêîðîñòü ðàñïðîñòðàíåíèÿ ïîâåðõíîñòíûõ âîëí âäîëü îñè
Ox ñî ñâîáîäíîé ïîâåðõíîñòüþ z h t x kx= +( , ) íàä ïðÿìîëèíåéíûì äíîì
z kx k= =; const – óãëîâîé êîýôôèöèåíò íàêëîíà äíà; h h t x= ( , ) – âîçâûøå-
íèå ñâîáîäíîé ïîâåðõíîñòè íàä äíîì; Oxy – ïðÿìîóãîëüíàÿ äåêàðòîâà ñèñ-
òåìà êîîðäèíàò; t – âðåìÿ. Ïðè k = 0 ñèñòåìà (1) îïèñûâàåò ðàñïðîñòðàíå-
íèå ïîâåðõíîñòíûõ âîëí íàä ãîðèçîíòàëüíûì äíîì, à ïðè k ¹ 0 – íàä íàêëîí-
íûì äíîì.

Çàìå÷àíèå. Â ñèñòåìå (1) ïðè k ¹ 0 ñ ïîìîùüþ ïðåîáðàçîâàíèÿ
t kt x kx¢= ¢ =, ìîæíî ïåðåéòè ê ñèñòåìå (1) ñ k = 1. Îäíàêî ýòî íå ïðèâåäåò ê
ñóùåñòâåííûì óïðîùåíèÿì ïðè èçó÷åíèè ñèñòåìû, ïîýòîìó áóäåì èçó÷àòü
åå, îñòàâàÿñü â ðàìêàõ ôèçè÷åñêèõ ïåðåìåííûõ t x, .

2. Çàêîíû ñîõðàíåíèÿ. Çàêîíîì ñîõðàíåíèÿ íóëåâîãî ïîðÿäêà äëÿ ñèñ-
òåìû (1) íàçûâàåòñÿ [12–16] âåêòîð A = ( , ),A A1 2 êîìïîíåíòû êîòîðîãî

A A t x u h ii i= =( , , , )( , )1 2 äëÿ ëþáîãî ðåøåíèÿ ýòîé ñèñòåìû óäîâëåòâîðÿþò

ñîîòíîøåíèþ
D A D At x

1 2 0+ = ,

ãäå D Dt x, – îïåðàòîðû ïîëíîãî äèôôåðåíöèðîâàíèÿ ïî ïåðåìåííûì t x,
ñîîòâåòñòâåííî. Èíûìè ñëîâàìè, ðå÷ü èäåò î äèâåðãåíòíîé ôîðìå çàïèñè
óðàâíåíèé â ñèëó ñèñòåìû (1).
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Ïðè k ¹ 0 äëÿ ëþáîãî âåêòîðà B = ( ( , , , ), ( , , , ))B z w B z w1 2t h t h ñïðàâåä-

ëèâî ñëåäóþùåå òîæäåñòâî:
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Â ðåçóëüòàòå ïðåîáðàçîâàíèé (3) ñèñòåìà (1) ïðè k ¹ 0 ïðèíèìàåò âèä
ñèñòåìû (1) ïðè k = 0, çàïèñàííîé äëÿ ïåðåìåííûõ t h, , ,z w .

Ñëåäîâàòåëüíî, åñëè âåêòîð B = ( ( , , , ), ( , , , ))B z w B z w1 2t h t h ÿâëÿåòñÿ

ëþáûì çàêîíîì ñîõðàíåíèÿ íóëåâîãî ïîðÿäêà äëÿ ñèñòåìû (1) ïðè k = 0, çà-
ïèñàííîé äëÿ ïåðåìåííûõ t h, , ,z w , òî âåêòîð A = ( , )A A1 2 ñ êîìïîíåíòàìè
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ÿâëÿåòñÿ çàêîíîì ñîõðàíåíèÿ íóëåâîãî ïîðÿäêà äëÿ ñèñòåìû (1) ïðè k ¹ 0.
Îáðàòíî, åñëè âåêòîð A = ( ( , , , ), ( , , , ))A t x u h A t x u h1 2 ÿâëÿåòñÿ ëþáûì çàêî-

íîì ñîõðàíåíèÿ íóëåâîãî ïîðÿäêà äëÿ ñèñòåìû (1) ïðè k ¹ 0, òî â ñèëó (2), (3)
âåêòîð B = ( , )B B1 2 ñ êîìïîíåíòàìè
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ÿâëÿåòñÿ çàêîíîì ñîõðàíåíèÿ íóëåâîãî ïîðÿäêà äëÿ ñèñòåìû (1) ïðè k =0,
çàïèñàííîé äëÿ ïåðåìåííûõ t h, , ,z w .

Â [2] ïðèâåäåíî ñëåäóþùåå áåñêîíå÷íîå ñåìåéñòâî íåòðèâèàëüíûõ
çàêîíîâ ñîõðàíåíèÿ íóëåâîãî ïîðÿäêà äëÿ ñèñòåìû (1) ïðè k =0:

B h u h du u h dh
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( , ) ( , ) ,

( ( , ) ( , )) ( ( , ) ( , )) ,u h u u h dh- Y
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ãäå F F Y Y= =( , ), ( , )u h u h – ðåøåíèå ñèñòåìû ëèíåéíûõ óðàâíåíèé

F Y Y Fu h u hh+ = + =0 0, ( ) . (7)

Ñ ïîìîùüþ ìåòîäà À-îïåðàòîðîâ [14, 15] óñòàíàâëèâàåòñÿ, ÷òî äðóãèõ
íåòðèâèàëüíûõ çàêîíîâ ñîõðàíåíèÿ íóëåâîãî ïîðÿäêà ñèñòåìà (1) ïðè k =0
íå  èìååò. Ñëåäîâàòåëüíî, ìíîæåñòâî âñåõ íåòðèâèàëüíûõ çàêîíîâ ñîõðà-
íåíèÿ íóëåâîãî ïîðÿäêà äëÿ ñèñòåìû (1) ïðè k ¹ 0 îïðåäåëÿåòñÿ ïî ôîðìó-
ëàì (4), (6), (7). Ýòè çàêîíû ñîõðàíåíèÿ ðàíåå â ëèòåðàòóðå íå îòìå÷àëèñü.
Ïîëó÷åííûå çàêîíû ñîõðàíåíèÿ ìîãóò áûòü èñïîëüçîâàíû ïðè ïðîâåäåíèè
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÷èñëåííûõ ðàñ÷åòîâ ñ ïîìîùüþ êîíñåðâàòèâíûõ ðàçíîñòíûõ ñõåì. Òàêæå
íàéäåííûå çàêîíû ñîõðàíåíèÿ ìîãóò áûòü èñïîëüçîâàíû ïðè ÷èñëåííûõ
ðàñ÷åòàõ â êà÷åñòâå òåñòîâ íà êàæäîì øàãå âû÷èñëåíèé.

3.  Òî÷íûå  ðåøåíèÿ. Ñâîéñòâà  ñèñòåìû  (1)  ñóùåñòâåííî  çàâèñÿò  îò

âåëè÷èíû ÿêîáèàíà J
u h

t x
=

¶
¶
( , )

( , )
.

Åñëè ÿêîáèàí J ¹ 0, òî ñ ïîìîùüþ ñëåäóþùåãî ïðåîáðàçîâàíèÿ ãîäî-
ãðàôà

t u h x u h u u h= = +F Y F( , ), ( , ) ( , ) (8)

ñèñòåìà (1) ïðèâîäèòñÿ ê âèäó

F Y Y F Y F Fu h u hh k u
ku

J
+ = + + + + = -0, ( ( )) . (9)

Ñèñòåìà (9) ëèíåéíà òîëüêî ïðè k = 0. Â ýòîì ñëó÷àå îíà ñîâïàäàåò ñ
ñèñòåìîé (7). Â ñèëó (8) óñëîâèå J ¹ 0 ýêâèâàëåíòíî óñëîâèþ

( )F Fu hh2 2 0- ¹ . (10)

Ïîýòîìó êàæäîå ðåøåíèå ñèñòåìû (7), óäîâëåòâîðÿþùåå óñëîâèþ (10)
â  íåêîòîðîé îáëàñòè ïåðåìåííûõ, íåÿâíî îïðåäåëÿåò ïî ôîðìóëàì (8) â ñî-
îòâåòñòâóþùåé îáëàñòè ïåðåìåííûõ ðåøåíèå ñèñòåìû (1) ïðè J k¹ =0 0, .

3.1. Òî÷íûå ðåøåíèÿ ïðè J k¹ =0, 0. Îñíîâíàÿ ãðóïïà Ëè ïðåîáðàçî-
âàíèé ñèñòåìû (7) (ôàêòîð-ãðóïïà ïî íîðìàëüíîìó äåëèòåëþ, ñâÿçàííîìó
ñ ëèíåéíîñòüþ ñèñòåìû) ïîðîæäàåòñÿ îïåðàòîðàìè:

X
u

h uh u h uu h1

2

4

1

2

1

2
= +

æ

è
çç

ö

ø
÷÷ ¶ + ¶ + -æ

è
ç

ö
ø
÷ ¶ + - ¶Y F F YF Y( ) ,

, , .X u h X Xu h u2 3 42= ¶ + ¶ - ¶ = ¶ = ¶ + ¶F F YF F Y

Ïðèâåäåì íåêîòîðûå òî÷íûå ðåøåíèÿ ñèñòåìû (7) è ñ èõ ïîìîùüþ
ïîëó÷èì òî÷íûå ðåøåíèÿ ñèñòåìû (1).

3.1.1. Èíâàðèàíòíîå á ñ+X X2 4á -ðåøåíèå (a – ïðîèçâîëüíàÿ ïîñòîÿí-
íàÿ). Ýòî ðåøåíèå ÿâëÿåòñÿ àâòîìîäåëüíûì. Îíî èìååò âèä

F Y= = =-u Y u Z
u

h
a ax x x1

2

4
( ), ( ), . (11)

Ïîäñòàíîâêà (11) â (7) äàåò ôàêòîð-ñèñòåìó

( ) ( ) ( ) ( ) , ( ) ( ) ( ( )a x x x x x x a x x x- + ¢ - ¢ = + + ¢ -1 2 4 0 22Y Y Z Y Z Z Y ¢ =( )) ,x 0

îòêóäà ïîëó÷èì ôàêòîð-óðàâíåíèå äëÿ Y ( )x :

Y Y Y Y( ) ( ) ( ) ( ) ( ) ( )4 4 2 3 2 02 2- ² + - ¢ + - + =x x x a x x a a x , (12)

êîòîðîå ñâîäèòñÿ ê óðàâíåíèþ Õåéíà. Ïîñëå çàìåíû Y Q( ) ( )x x x
a

=
-1

2 óðàâíå-

íèå (12) ïðèâîäèòñÿ ê ãèïåðãåîìåòðè÷åñêîìó óðàâíåíèþ Ãàóññà, ðåøåíèå
êîòîðîãî âûðàæàåòñÿ ÷åðåç ãèïåðãåîìåòðè÷åñêóþ ôóíêöèþ F a b c( , ; ; )x .
Â ðåçóëüòàòå èíâàðèàíòíîå á ñ+X X2 4a -ðåøåíèå ïðè a ¹ 0 îïðåäåëÿåòñÿ
ïî ôîðìóëàì:
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è
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u

h
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F

( )
, ;

a m m
2 4 4
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1
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2 4
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; , ; ;
u

h

u
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F

u

h

æ

è
çç

ö

ø
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æ
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ø
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çç

ö
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m m ÷÷

æ

è
ç
ç

ö

ø
÷
÷
ö

ø
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,

(13)

ãäå c c1 2, – ïðîèçâîëüíûå âåùåñòâåííûå ïîñòîÿííûå, l a= -1

2
1( ),

m a= -1

2
2( ). Ïðè c2 0= , a = + =2 1 0 1 2m m( , , ,...) è ïðè c1 0= , a = =2 1 2m m( , ,...)

çàäàâàåìîå ôîðìóëàìè (13) ðåøåíèå âûðàæàåòñÿ ÷åðåç ýëåìåíòàðíûå ôóíê-
öèè, è ïî ôîðìóëàì (9) îïðåäåëÿåòñÿ ðåøåíèå ñèñòåìû (1) ïðè k = 0, îïèñû-
âàþùåé ðàñïðîñòðàíåíèå ïîâåðõíîñòíûõ âîëí íàä ãîðèçîíòàëüíûì äíîì.
Íàïðèìåð, ïðè ñ2 = 0,a = 3ýòî ðåøåíèå íåÿâíî çàäàåòñÿ ñèñòåìîé óðàâíåíèé

t h u t t u u u t x= + - = - -æ
è
ç

ö
ø
÷2 2 2

2

3
17 82 2 2 2

2

( ), ( ) ( ) . (14)

Èç óñëîâèÿ J ¹ 0 ñëåäóåò, ÷òî íà ïëîñêîñòè R t x2( , ) îáëàñòü òå÷åíèÿ

íå äîëæíà ñîäåðæàòü òî÷êè êðèâîé x t t t+æ
è
ç

ö
ø
÷ = -æ

è
ç

ö
ø
÷

15

4

3

2

1

2

2 5

2 , ÷òî çàâåäîìî

âûïîëíÿåòñÿ ïðè t Îæ
è
ç

ö
ø
÷0

1

2
, .

Ðåçóëüòàò ÷èñëåííîãî ðåøåíèÿ ñèñòåìû (14) îòíîñèòåëüíî u è h ñ ïî-
ìîùüþ ìåòîäà, ïðåäëîæåííîãî â [17], ïðèâåäåí íà ðèñ. 1, 2.
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Ðèñ. 1. Ðàñïðåäåëåíèå ñêîðîñòè
u u t x= ( , )

Fig. 1. Speed distribution u u t x= ( , )

Ðèñ. 2. Âîçâûøåíèå h h t x= ( , )ñâîáîäíîé
ïîâåðõíîñòè íàä äíîì

Fig. 2. Elevation h h t x= ( , ) of the free
surface above the bottom



Äàííîå ðåøåíèå îïèñûâàåò íàêàò âîëíû íà áåðåã â íàïðàâëåíèè îñè Ox.
Ïî ìåðå óìåíüøåíèÿ ãëóáèíû âîçðàñòàåò ñêîðîñòü, êîòîðàÿ äîñòèãàåò ñâîåãî
íàèáîëüøåãî çíà÷åíèÿ ïðè íàèìåíüøåé ãëóáèíå. Ýòî ïðîèñõîäèò ïðè x =0.
Çàòåì íà÷èíàåòñÿ îáðóøåíèå âîëíû è âûáðîñ åå íà áåðåã â âèäå áóðóíà.
Ñêîðîñòü ïàäàåò, à âîçâûøåíèå ñâîáîäíîé ïîâåðõíîñòè íàä äíîì âîçðàñòàåò
(áóðóí). Ïðè ýòîì äèíàìè÷åñêîå âîçäåéñòâèå âîäû íà ïîâåðõíîñòü áåòîííûõ
êîíñòðóêöèé îêàçûâàåò ðàçðóøèòåëüíûé ýôôåêò.

3.1.2. ×àñòè÷íî èíâàðèàíòíîå X X X X1 4 2 3, ,- -ðåøåíèå. Íàèìåíü-
øåå èíâàðèàíòíîå ìíîãîîáðàçèå, ñîäåðæàùåå ýòî ðåøåíèå, çàäàåòñÿ óðàâ-
íåíèåì

F
Y

=
+c h

h
3

2

, (15)

ãäå c3 – ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.
Ïîäñòàíîâêà (15) â (7) äàåò âïîëíå èíòåãðèðóåìóþ ñèñòåìó

Y
Y Y

Y Y
u h

c h

c c
=

+
=

2
3

2

3

3

32 2
, . (16)

Â ñèëó òåîðåìû î ðåäóêöèè [12, 13] ðåøåíèå (13) ðåäóöèðóåòñÿ ê èíâàðè-
àíòíîìó ðåøåíèþ. Èíòåãðèðóÿ ñèñòåìó (16), ïîëó÷àåì

Y F=
+ -

=
+

+ -

2

4 4

3

3
2

4 3

4
2

c

u c h

u c c

h u c h( )
,

( )

( )
,

ãäå c4 – ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Ñîîòâåòñòâóþùåå ðåøåíèå ñèñòåìû (1) ïðè k =0 îïðåäåëÿåòñÿ ñëå-

äóþùèì îáðàçîì:
– ñêîðîñòü u u t x= ( , ) ðàñïðîñòðàíåíèÿ ïîâåðõíîñòíîé âîëíû ÿâëÿåòñÿ

êîðíåì àëãåáðàè÷åñêîãî óðàâíåíèÿ

3 4 7 7 10

2 4

3 4 2
4

3 2
4 4

2 2 2

4

t u t c t x u t x c tx c t u

c tx

+ - + - + +

+

( ) ( )

( 2
4
2 2 3

4
2

4
3

32 4 0- - + - - =c t x x u c tx c x c t) ;
(17)

– âîçâûøåíèå h h t x= ( , ) ñâîáîäíîé ïîâåðõíîñòè íàä äíîì îïðåäåëÿåòñÿ
ïî ôîðìóëå

h
u c x tu

t
=

+ -( )( )4

2
. (18)

Ïóñòü c c3 41 1= =, . Íà ðèñ. 3 ïîêàçàíî ðàñïðåäåëåíèå ñêîðîñòè
u u t x= ( , ), ïîëó÷åííîå â ðåçóëüòàòå ÷èñëåííîãî ðåøåíèÿ óðàâíåíèÿ (17) ñ ïî-
ìîùüþ ìåòîäà, ïðåäëîæåííîãî â [17]. Íà ðèñ. 4 – ðàñïðåäåëåíèå âîçâûøåíèÿ
h h t x= ( , ) ñâîáîäíîé ïîâåðõíîñòè íàä äíîì. Ðèñ. 3, 4 îïèñûâàþò ïëàâíûé
íàêàò íà áåðåã âîëíû, ðàñïðîñòðàíÿþùåéñÿ â íàïðàâëåíèè, ïðîòèâîïîëîæ-
íîì îñè Ox. Ïðè ýòîì äèíàìè÷åñêîå âîçäåéñòâèå âîäû íà ïîâåðõíîñòü áå-
òîííûõ êîíñòðóêöèé íå îêàçûâàåò ðàçðóøèòåëüíîé ðåàêöèè.

3.2. Òî÷íûå ðåøåíèÿ ïðè J = 0. Ïðè J =0 ñèñòåìà (1) èìååò òðèâèàëü-
íîå ðåøåíèå u h= =0, const. Èç óñëîâèÿ ðàâåíñòâà íóëþ ÿêîáèàíà J ñëåäóåò,
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÷òî äëÿ íåòðèâèàëüíîãî ðåøåíèÿ ñèñòåìû (1) u è h ôóíêöèîíàëüíî çàâè-
ñèìû, ò.å.

h H u= ( ). (19)

Ïîäñòàíîâêà (19) â (1) äàåò ïåðåîïðåäåëåííóþ ñèñòåìó, êîòîðàÿ â ðå-
çóëüòàòå äîáàâëåíèÿ âñåõ óñëîâèé ñîâìåñòíîñòè ïðèâîäèòñÿ â èíâîëþöèþ.

Âîçüìåì íåòðèâèàëüíûå òî÷íûå ðåøåíèÿ äëÿ äâóõ çíà÷åíèé óãëîâîãî
êîýôôèöèåíòà k ¹ 0.

3.2.1. Òî÷íîå ðåøåíèå ïðè k = 2. Ïðè k =2 èíòåãðèðîâàíèå ïîëó÷åí-
íîé ïåðåîïðåäåëåííîé ñèñòåìû ïîêàçûâàåò, ÷òî ñêîðîñòü u u t x= ( , )
ðàñïðîñòðàíåíèÿ ïîâåðõíîñòíîé âîëíû ÿâëÿåòñÿ êîðíåì òðàíñöåíäåíòíî-
ãî óðàâíåíèÿ

c
t

u
u

c

u
c

u
xu c5

5
3 6 7

1

2 6 2
0- +æ

è
ç

ö
ø
÷ + + - =ln , (20)

à âîçâûøåíèå h h t x= ( , ) ñâîáîäíîé ïîâåðõíîñòè íàä äíîì îïðåäåëÿåòñÿ ïî
ôîðìóëå

h
u c

u
c= - + +

2
5

6
2

. (21)

Çäåñü c c c5 6 7, , – ïðîèçâîëüíûå âåùåñòâåííûå ïîñòîÿííûå.
Ïóñòü c c c5 6 71 1 1= = = -, , . Íà ðèñ. 5, 6 ïîêàçàíû ðàñïðåäåëåíèå ñêîðî-

ñòè u u t x= ( , ), ïîëó÷åííîå â ðåçóëüòàòå ÷èñëåííîãî ðåøåíèÿ óðàâíåíèÿ (20)
ñ  ïîìîùüþ ìåòîäà, ïðåäëîæåííîãî â [17], è ðàñïðåäåëåíèå âîçâûøåíèÿ
h h t x= ( , ) ñâîáîäíîé ïîâåðõíîñòè íàä äíîì.

Èç ðèñ. 5, 6 ñëåäóåò, ÷òî ïðîèñõîäèò ðåçêîå îáðóøåíèå íà áåðåã âîëíû,
ðàñïðîñòðàíÿþùåéñÿ â íàïðàâëåíèè îñè Ox. Ñêîðîñòü ðàñïðîñòðàíåíèÿ âîë-
íû ìîíîòîííî âîçðàñòàåò è ñòàíîâèòñÿ î÷åíü áîëüøîé â ìîìåíò îáðóøåíèÿ
íà áåðåã. Ïðè ýòîì äèíàìè÷åñêîå âîçäåéñòâèå âîäû íà ïîâåðõíîñòü áåòîííûõ
êîíñòðóêöèé îêàçûâàåò ñèëüíîå ðàçðóøèòåëüíîå äåéñòâèå.
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Ðèñ. 3. Ðàñïðåäåëåíèå ñêîðîñòè
u u t x= ( , )

Fig. 3. Speed distribution u u t x= ( , )

Ðèñ. 4. Âîçâûøåíèå h h t x= ( , ) ñâîáîäíîé
ïîâåðõíîñòè íàä äíîì

Fig. 4. Elevation h h t x= ( , ) of the free
surface above the bottom



3.2.2. Òî÷íîå ðåøåíèå ïðè k = 1. Ïðè k =1 èíòåãðèðîâàíèå ïîëó÷åííîé
ïåðåîïðåäåëåííîé ñèñòåìû ïîêàçûâàåò, ÷òî ñêîðîñòü u u t x= ( , ) ðàñïðîñòðà-
íåíèÿ ïîâåðõíîñòíîé âîëíû ÿâëÿåòñÿ êîðíåì òðàíñöåíäåíòíîãî óðàâíåíèÿ

c u u
c

u
t c u

u
xu c8

8
9

3

10
2

0ln + -æ
è
ç

ö
ø
÷ + - + - = , (22)

à âîçâûøåíèå h h t x= ( , ) ñâîáîäíîé ïîâåðõíîñòè íàä äíîì îïðåäåëÿåòñÿ ïî
ôîðìóëå

h
u

c u c= - + +
2

8 9
2

ln . (23)

Çäåñü c c c8 9 10, , – ïðîèçâîëüíûå âåùåñòâåííûå ïîñòîÿííûå.
Ïóñòü c c c8 9 101 1 4= = - = -, , . Íà ðèñ. 7 ïðåäñòàâëåíî ðàñïðåäåëåíèå

ñêîðîñòè u u t x= ( , ),ïîëó÷åííîå â ðåçóëüòàòå ÷èñëåííîãî ðåøåíèÿ óðàâíåíèÿ
(22) ñ ïîìîùüþ ìåòîäà, ïðåäëîæåííîãî â [17]. Íà ðèñ. 8 – ðàñïðåäåëåíèå
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Ðèñ. 5. Ðàñïðåäåëåíèå ñêîðîñòè
u u t x= ( , )

Fig. 5. Speed distribution u u t x= ( , )

Ðèñ. 6. Âîçâûøåíèå h h t x= ( , ) ñâîáîä-
íîé ïîâåðõíîñòè íàä äíîì

Fig. 6. Elevation h h t x= ( , ) of the free
surface above the bottom

Ðèñ. 7. Ðàñïðåäåëåíèå ñêîðîñòè u u t x= ( , )

Fig. 7. Speed distribution u u t x= ( , )

Ðèñ. 8. Âîçâûøåíèå h h t x= ( , ) ñâîáîä-
íîé ïîâåðõíîñòè íàä äíîì

Fig. 8. Elevation h h t x= ( , ) of the free
surface above the bottom



âîçâûøåíèÿ h h t x= ( , ) ñâîáîäíîé ïîâåðõíîñòè íàä äíîì. Êàê âèäèì, äëÿ
íàáåãàþùåé íà áåðåã âîëíû, äâèæóùåéñÿ â íàïðàâëåíèè îñè Ox , ñíà÷àëà
óâåëè÷èâàåòñÿ àìïëèòóäà, à çàòåì ïðîèñõîäèò î÷åíü ðåçêèé îáâàë âîëíû.
Ñêîðîñòü ðàñïðîñòðàíåíèÿ âîëíû ìîíîòîííî âîçðàñòàåò. Ïðè ýòîì äèíàìè-
÷åñêîå âîçäåéñòâèå âîäû íà ïîâåðõíîñòü áåòîííûõ êîíñòðóêöèé âûçûâàåò
ñèëüíîå ðàçðóøåíèå.

Çàêëþ÷åíèå. Äëÿ îäíîïàðàìåòðè÷åñêîãî ñåìåéñòâà óðàâíåíèé, îïèñû-
âàþùèõ â ðàìêàõ íåëèíåéíîé îäíîìåðíîé ìîäåëè ìåëêîé âîäû ðàñïðîñòðà-
íåíèå ïîâåðõíîñòíûõ âîëí ñ íàêëîííûì ïðÿìîëèíåéíûì äíîì, ïàðàìåòðîì
êîòîðîãî ÿâëÿåòñÿ óãëîâîé êîýôôèöèåíò óêëîíà äíà, íàéäåíû âñå çàêîíû ñî-
õðàíåíèÿ íóëåâîãî ïîðÿäêà. Çàêîíû ñîõðàíåíèÿ ìîãóò áûòü èñïîëüçîâàíû
ïðè ïðîâåäåíèè ÷èñëåííûõ ðàñ÷åòîâ ñ ïîìîùüþ êîíñåðâàòèâíûõ ðàçíîñò-
íûõ ñõåì, à òàêæå ïðè ÷èñëåííûõ ðàñ÷åòàõ â êà÷åñòâå òåñòîâ íà êàæäîì øàãå
âû÷èñëåíèé. Ïîëó÷åíû ÷åòûðå òî÷íûõ ðåøåíèÿ, ìîäåëèðóþùèõ ðàçíûé
õàðàêòåð íàáåãàþùèõ íà áåðåã ïîâåðõíîñòíûõ âîëí. Ðåøåíèå, çàäàâàåìîå
ôîðìóëàìè (17), (18), îïèñûâàåò ïëàâíûé íàêàò âîëíû íà áåðåã. Â ýòîì ñëó-
÷àå äèíàìè÷åñêîå âîçäåéñòâèå âîäû íà ïîâåðõíîñòü áåòîííûõ êîíñòðóêöèé
íå îêàçûâàåò ðàçðóøèòåëüíîãî äåéñòâèÿ. Ðåøåíèÿ, çàäàâàåìûå ñëåäóþùèìè
ïàðàìè ôîðìóë: (11) è (13), (20) è (21), (22) è (23), îïèñûâàþò ðåçêîå îáðóøå-
íèå âîëí íà áåðåã. Äèíàìè÷åñêîå âîçäåéñòâèå âîäû íà ïîâåðõíîñòü áåòîííûõ
êîíñòðóêöèé îêàçûâàåò ñèëüíûé ðàçðóøèòåëüíûé ýôôåêò. Íàéäåííûå ðåøå-
íèÿ çàâèñÿò â îáùåé ñëîæíîñòè îò 10 ïðîèçâîëüíûõ ïîñòîÿííûõ. Ïðè ìîäå-
ëèðîâàíèè ðåàëüíûõ ïðîöåññîâ ìîæíî ïîäîáðàòü ïîñòîÿííûå òàê, ÷òîáû
ïîëó÷åííûå ôîðìóëû íàèáîëåå àäåêâàòíî îïèñûâàëè ýòè ïðîöåññû.
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