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Àííîòàöèÿ. Ðàñòðåñêèâàíèå ñëîÿ ïîëèñòèðîëáåòîíà ïðè åãî óêëàäêå ñ ôîðñèðî-
âàííûì ýëåêòðîðàçîãðåâîì â îãðàæäàþùèå êîíñòðóêöèè çäàíèé ïî àääèòèâíîé òåõ-
íîëîãèè ÿâëÿåòñÿ îäíîé èç îñíîâíûõ ïðîáëåì øèðîêîãî âíåäðåíèÿ 3D-ïå÷àòè â
ñòðîèòåëüíîå ïðîèçâîäñòâî. Êëþ÷îì ê ïîíèìàíèþ ïðîöåññîâ, âûçûâàþùèõ ðàñòðåñ-
êèâàíèå, ìîãóò áûòü òî÷íûå ðåøåíèÿ ìåõàíèêè ñïëîøíûõ ñðåä. Äëÿ òðåõìåðíîé äè-
íàìè÷åñêîé ìîäåëè òðàíñâåðñàëüíî-èçîòðîïíîé òåðìîóïðóãîé ñðåäû, óäîâëåòâî-
ðÿþùåé óñëîâèÿì Ãàññìàíà, ìåòîäàìè ãðóïïîâîãî àíàëèçà äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ïîëó÷åíû äâà òî÷íûõ ðåøåíèÿ, êîòîðûå îïèñûâàþò ïðèíöèïèàëüíî ðàçíûå
ðåæèìû äèíàìè÷åñêîãî äåôîðìèðîâàíèÿ ñðåäû ïîä äåéñòâèåì íàéäåííûõ ïåðåìå-
ùåíèé è òåìïåðàòóðû. Äëÿ âûÿñíåíèÿ èõ ôèçè÷åñêîãî ñìûñëà ïðèâåäåíû ãðàôèêè,
õàðàêòåðèçóþùèå èçìåíåíèå ôîðìû âûäåëåííîé â òðàíñâåðñàëüíî-èçîòðîïíîé òåð-
ìîóïðóãîé ñðåäå åäèíè÷íîé ñôåðû â ðåçóëüòàòå åå äåôîðìàöèè. Õàðàêòåð äåôîðìà-
öèè îïðåäåëÿåò âîçìîæíîñòü ïîÿâëåíèÿ òðåùèí â èçäåëèè è óêàçûâàåò íåîáõîäèìûé
ðåæèì íàãðåâà ìàòåðèàëà ïå÷àòè â ãîëîâêå 3D-ïðèíòåðà, íå ïðèâîäÿùèé ê îáðàçîâà-
íèþ áîëüøîãî ÷èñëà òðåùèí (ðàññëîåíèþ) â íàïå÷àòàííîì ìàññèâå â ïðîöåññå åãî
îñòûâàíèÿ è ïðèîáðåòåíèÿ ïðî÷íîñòè.

Êëþ÷åâûå ñëîâà: 3D-ïå÷àòü îãðàæäàþùèõ êîíñòðóêöèé çäàíèé, ïîëèñòèðîë-
áåòîí, òðàíñâåðñàëüíî-èçîòðîïíàÿ òåðìîóïðóãàÿ ñðåäà, äèíàìè÷åñêîå äåôîðìèðîâà-
íèå ñðåäû, òðåùèíû, 3D-ïðèíòåð, ïîäìîäåëè

Áëàãîäàðíîñòè: èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ìîñêîâ-
ñêîãî ãîñóäàðñòâåííîãî ñòðîèòåëüíîãî óíèâåðñèòåòà â ðàìêàõ êîíêóðñà 2022 ã. íà
âûïîëíåíèå ôóíäàìåíòàëüíûõ è ïðèêëàäíûõ èññëåäîâàíèé (ÍÈÎÊÐ) íàó÷íûìè
êîëëåêòèâàìè îðãàíèçàöèé-÷ëåíîâ îòðàñëåâûõ êîíñîðöèóìîâ «Ñòðîèòåëüñòâî è

Íàó÷íî-ìåòîäè÷åñêèé ðàçäåë

99

ã ×èðêóíîâ Þ.À., Ïèêìóëëèíà Å.Î., Ìîëîäèí Â.Â., Ëàïèäóñ À.À.,
Òîï÷èé Ä.Â., 2022



àðõèòåêòóðà» (êîíòðàêò ¹ 1/Ê îò 19.05.2022) â öåëÿõ ðåàëèçàöèè Ïðîãðàììû ðàçâè-
òèÿ Ìîñêîâñêîãî ãîñóäàðñòâåííîãî ñòðîèòåëüíîãî óíèâåðñèòåòà íà 2021–2030 ãîäû
â õîäå ðåàëèçàöèè Ïðîãðàììû ñòðàòåãè÷åñêîãî àêàäåìè÷åñêîãî ëèäåðñòâà «Ïðèîðè-
òåò-2030».

Äëÿ öèòèðîâàíèÿ: ×èðêóíîâ Þ.À., Ïèêìóëëèíà Å.Î., Ìîëîäèí Â.Â., Ëàïè-
äóñ À.À., Òîï÷èé Ä.Â. Ðåøåíèå ïðîáëåìû ðàñòðåñêèâàíèÿ ïðè 3D-ïå÷àòè îãðàæäàþùèõ
êîíñòðóêöèé ïîëèñòèðîëáåòîíîì ñ èñïîëüçîâàíèåì ïîäìîäåëè ìîäåëè äèíàìè÷åñêîãî
äåôîðìèðîâàíèÿ òðàíñâåðñàëüíî-èçîòðîïíîé òåðìîóïðóãîé ñðåäû // Èçâåñòèÿ âóçîâ.
Ñòðîèòåëüñòâî. 2022. ¹ 4. Ñ. 99–108. DOI: 10.32683/0536-1052-2022-760-4-99-108.

Original article

SUBMODELS OF THE MODEL OF DYNAMIC DEFORMATION
OF A TRANSVERSALLY ISOTROPIC THERMOELASTIC MEDIUM

FOR SOLVING DELAMINATION PROBLEMS IN 3D PRINTING

Yuriy A. Chirkunov1, 2, Elena O. Pikmullina1, 2, Vladimir V. Molodin1,
Azariy A. Lapidus3, Dmitriy V. Topchiy3

1Novosibirsk State University of Architecture and Civil Engineering (Sibstrin),
Novosibirsk, Russia

2Research Laboratory "Mathematical Models of Continuum Mechanics" of Novosibirsk
State University of Architecture and Civil Engineering (Sibstrin), Novosibirsk, Russia

3Moscow State University of Architecture and Civil Engineering, Moscow, Russia

Abstract. For a three-dimensional dynamic model of a transversally isotropic
thermoelastic medium that satisfies the Gassmann conditions, two exact solutions are
obtained by group analysis of differential equations, which describe fundamentally
different modes of dynamic deformation of the medium under the action of the found
displacements and temperature. To clarify their physical meaning, graphs are given
that characterize the change in the shape of a single sphere isolated in a transversely
isotropic thermoelastic medium as a result of its deformation. The nature of its
deformation determines the possibility of cracks in the product and, thereby, indicates
the necessary heating mode of the 3D-printer head, which does not lead to the formation
of a large number of cracks (delamination) in the printed mass during its cooling
and maturation.

Keywords: 3D printing of building enclosing structures, polystyrene concrete,
transversely isotropic thermoelastic medium, dynamic deformation of the medium, cracks,
3D printer, submodels

Acknowledgments: the study was completed with the financial support of the
Moscow State University of Civil Engineering in the frame work of the 2022 competition
for fundamental and applied research (R&D) scientific collectives of member organizations
of Industry consortia “Construction and Architecture” (Contract No. 1/K dated 05/19/2022)
in order to implementation of the Development Program of the Moscow State University of
Civil Engineering for 2021–2030 during the implementation of the Strategic Academic
Leadership Program “Priority 2030”.

For citation: Chirkunov Yu.A., Pikmullina E.O., Molodin V.V., Lapidus A.A.,
Topchiy D.V. Submodels of the model of dynamic deformation of a transversally isotropic
thermoelastic medium for solving delamination problems in 3d printing. News of

Higher Educational Institutions. Construction. 2022; (4): 99–108. (In Russ.). DOI:
10.32683/0536-1052-2022-760-4-99-108.

Section of scientific methodology

100



Ââåäåíèå. Íàèáîëåå îñòðîé ïðîáëåìîé ïðè 3D-ïå÷àòè îãðàæäàþùèõ
êîíñòðóêöèé çäàíèé è ñîîðóæåíèé ôîðñèðîâàííî ðàçîãðåòûì ïîëèñòèðîëáå-
òîíîì ÿâëÿåòñÿ îáðàçîâàíèå òðåùèí (ðàññëîåíèé) â ìàññèâå ìàòåðèàëà ïðè
åãî âûõîäå èç ïå÷àòàþùåé ãîëîâêè 3D-ïðèíòåðà [1–9]. Ãðàíóëû ïîëèñòèðîëà
ïðè äîñòèæåíèè ïîëèñòèðîëáåòîííîé ñìåñüþ òåìïåðàòóð 80–90 °Ñ ðåçêî
âñïó÷èâàþòñÿ. Öåìåíòíî-ïåñ÷àíàÿ ñîñòàâëÿþùàÿ ìàòåðèàëà ïðè ýòèõ òåìïå-
ðàòóðàõ òåðÿåò ïîäâèæíîñòü è ñïîñîáíîñòü ê ðåãåíåðàöèè. Íà ïîâåðõíîñòè
íàïå÷àòàííîãî ñëîÿ ïîÿâëÿþòñÿ òðåùèíû, ñíèæàþùèå åãî ïðî÷íîñòü è
ñïëîøíîñòü. Èçó÷åíèå ôèçè÷åñêèõ ïðîöåññîâ òåðìîóïðóãîãî äåôîðìèðîâà-
íèÿ ìàòåðèàëà, ïðîèñõîäÿùèõ ïðè ýòîì, ñòàíîâèòñÿ öåíòðàëüíûì âîïðîñîì
ðàçâèòèÿ òåõíîëîãèè 3D-ïå÷àòè.

Ìàòåìàòè÷åñêèå ìîäåëè ìíîãèõ ÿâëåíèé ðåàëüíîãî ìèðà è, êîíå÷íî æå,
ìîäåëè ìåõàíèêè ñïëîøíûõ ñðåä ôîðìóëèðóþòñÿ â âèäå äèôôåðåíöèàëüíûõ
óðàâíåíèé. Ãðóïïîâîé àíàëèç ýòèõ ìîäåëåé – îäèí èç íàèáîëåå ýôôåêòèâíûõ
ñïîñîáîâ ïîëó÷åíèÿ êîëè÷åñòâåííûõ è êà÷åñòâåííûõ õàðàêòåðèñòèê îïèñû-
âàåìûõ èìè ôèçè÷åñêèõ ïðîöåññîâ. Ñèììåòðèéíûé (ãðóïïîâîé) àíàëèç
äèôôåðåíöèàëüíûõ óðàâíåíèé îñíîâàí íà òåîðèè ãðóïï Ëè è àëãåáð Ëè. Îí
õîðîøî ïîêàçàë ñåáÿ â íàõîæäåíèè êëàññîâ òî÷íûõ ðåøåíèé äèôôåðåíöè-
àëüíûõ óðàâíåíèé. Ôóíäàìåíòàëüíîå íà÷àëî ïîëîæèë íîðâåæñêèé ìàòåìà-
òèê Ñîôóñ Ëè (1842–1899). Â Ðîññèè ìåòîä ðàçâèâàëñÿ êàê òåîðèÿ ðàçìåðíî-
ñòåé. Òåîðèÿ ãðóïï Ëè äîëãîå âðåìÿ îñòàâàëàñü â ñòîðîíå îò âîçìîæíûõ
ïðèëîæåíèé ê äèôôåðåíöèàëüíûì óðàâíåíèÿì ìàòåìàòè÷åñêîé ôèçèêè.
Îäíàêî ñ ñåðåäèíû XX â. èññëåäîâàíèÿ àêàäåìèêà Ë.Â. Îâñÿííèêîâà [10],
åãî  ó÷åíèêîâ è ïîñëåäîâàòåëåé [11, 12] (è ïðèâåäåííûå òàì ñïèñêè ëèòåðàòó-
ðû) ïîêàçàëè, ÷òî ìåòîäû òåîðèè ãðóïï Ëè – ýôôåêòèâíûé ñïîñîá èçó÷åíèÿ
ñòðóêòóðû ðåøåíèÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé. Â íàñòîÿùåå
âðåìÿ ýòî ìàòåìàòè÷åñêîå íàïðàâëåíèå íàçûâàåòñÿ ãðóïïîâûì èëè ñèììåò-
ðèéíûì àíàëèçîì äèôôåðåíöèàëüíûõ óðàâíåíèé.

Òðåõìåðíàÿ äèíàìè÷åñêàÿ ìîäåëü òðàíñâåðñàëüíî-èçîòðîïíîé òåðìî-
óïðóãîé ñðåäû [13–15] èñïîëüçóåòñÿ äëÿ îïèñàíèÿ òåðìîóïðóãîãî äåôîð-
ìèðîâàíèÿ ìàòåðèàëîâ ñ àíèçîòðîïèåé óïðóãèõ ñâîéñòâ ñ ïðåèìóùåñò-
âåííûì íàïðàâëåíèåì àíèçîòðîïèè. Ê òàêèì ìàòåðèàëàì îòíîñÿòñÿ
ñëîèñòûå è êîìïîçèöèîííûå ìàòåðèàëû, ïðèìåíÿåìûå â ñòðîèòåëüñòâå,
ìàøèíîñòðîåíèè, àâèà- è ñóäîñòðîåíèè, à òàêæå ãîðíûå ìàññèâû è ëåäíèêè.
Äëÿ ýòîé ìîäåëè êîìïîíåíòû òåíçîðà äåôîðìàöèè eij îïðåäåëÿþòñÿ ñîîò-
íîøåíèÿìè:
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ñòðàíñòâå, ¢t – âðåìÿ.
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Çàêîí Ãóêà äëÿ òðàíñâåðñàëüíî-èçîòðîïíîé òåðìîóïðóãîé ñðåäû èìååò
âèä:

s l m e le l e bq

s le l m e l
11 11 22 33

22 11 22

2

2

= + + + ¢ - ¢

= + + + ¢

( ) ,

( ) e bq

s l e e l m e b q

s e

33

33 11 22 33

23 2

2

2

- ¢

= ¢ + + ¢ + ¢ - ¢ ¢

= ¢

,

( ) ( ) ,

G 3 13 13 12 122 2, , ,s e s me= ¢ =G

(2)

ãäå sij – êîìïîíåíòû òåíçîðà íàïðÿæåíèé;
l m l m, , , ,¢ ¢ ¢G – êîýôôèöèåíòû òðàíñâåðñàëüíî-èçîòðîïíîé ñðåäû;
b b, ¢ – êîýôôèöèåíòû òåïëîâîãî ðàñøèðåíèÿ;

¢ = ¢ ¢ ¢ ¢ ¢q q ( , , , )x y z t – òåìïåðàòóðà.
Ñèñòåìà óðàâíåíèé äèíàìè÷åñêîãî äåôîðìèðîâàíèÿ òðàíñâåðñàëüíî-

èçîòðîïíîé òåðìîóïðóãîé ñðåäû, â ñèëó (1), (2), çàïècûâàåòñÿ â âèäå [12–14]:

( ) ( ) ( )l m m l m l+ + + ¢ + + + ¢ + ¢¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢2 1 1 1 2u u G u u G ux x y y z z x y x z x t t

x y x x y y

u

u u u

¢ ¢ ¢ ¢ ¢

¢ ¢ ¢ ¢ ¢

- ¢ =

+ + + +

3 1

1 2 2

bq r

l m m l m

,

( ) ( ) ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

¢

+ ¢ + ¢ + ¢ - ¢ =

¢ + ¢

2 2 3 2G u G u u

G u

z z y z y t t

x

( ) ,

( )

l bq r

l z y z x x y y z zG u G u G u u¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢+ ¢ + ¢ + ¢ + ¢ + ¢ + ¢1 2 3 3 32( ) ( )l l m - ¢ ¢ =¢ ¢ ¢b q rz t tu 3 .

(3)
Ñèñòåìà çàìûêàåòñÿ óðàâíåíèåì òåïëîïðîâîäíîñòè

c u u u k kt t x t y t z x x y0 0
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ãäå k k, ¢ – êîýôôèöèåíòû òåïëîïðîâîäíîñòè;
c0 – êîýôôèöèåíò òåïëîåìêîñòè;
r – ïëîòíîñòü.

Ðàññìîòðèì òåðìîäèíàìè÷åñêèé ïðîöåññ, äëÿ êîòîðîãî:

l l m m b b q¢ = + - ¢= ¢ = ¢ = = ¢ =2 2 1 0 0G G k k c, , , , .

Ïðè òàêèõ ìîäóëÿõ óïðóãîñòè çàâåäîìî âûïîëíÿåòñÿ óñëîâèå Ãàññìàíà
[15, 16], êîòîðîå øèðîêî èñïîëüçóåòñÿ â ãåîôèçèêå ïðè èçó÷åíèè ðàñïðîñòðà-
íåíèÿ âîëí â òðàíñâåðñàëüíî-èçîòðîïíûõ óïðóãèõ ñðåäàõ. Â ýòîì ñëó÷àå â ðå-
çóëüòàòå çàìåíû ïåðåìåííûõ
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u u u G u u G utt xx yy zz xy xz
1 1 1 1 2 32= + + + ¢ + + + ¢ + ¢( ) ( ) ( )l m m l m l -

= + + + + + ¢ + ¢ + ¢

q

l m m l m l

x

tt xy xx yy xyu u u u G u G

,

( ) ( ) ( )2 1 2 2 22 u

u G u G u G u G u

yz y

tt xz yz xx yy

3

3 1 2 3 3

-

= ¢ + ¢ + ¢ + ¢ + ¢ + ¢

q

l l

,

( ) ( ) + ¢ + ¢ -

+ + + = + +

( ) ,
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zz z

t tx ty tz xx yy zz

(5)

Ìîäåëü (5) ÿâëÿåòñÿ îñíîâíûì îáúåêòîì èññëåäîâàíèÿ â íàñòîÿùåé ñòàòüå.
Íåêîòîðûå òî÷íûå ðåøåíèÿ. Ïî àëãîðèòìó, ïðèâåäåííîìó â [10–12],

âûïîëíåíî ãðóïïîâîå ðàññëîåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé
âòîðîãî ïîðÿäêà, çàäàþùåé ýòó ìîäåëü, îòíîñèòåëüíî ïñåâäîãðóïïû, ïîðîæ-
äàåìîé ãðàäèåíòîì ãàðìîíè÷åñêîé ôóíêöèè, è ïðåîáðàçîâàíèÿ ïåðåíîñà äëÿ
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òåìïåðàòóðû, äîïóñêàåìîé ýòîé ñèñòåìîé. Â ðåçóëüòàòå ïîëó÷åíà ñèñòåìà
äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà, ýêâèâàëåíòíàÿ óðàâíåíèÿì
(5). Íàéäåíû äâà òî÷íûõ èíâàðèàíòíûõ ðåøåíèÿ ýòîé ñèñòåìû, êîòîðûå îïè-
ñûâàþò ïðèíöèïèàëüíî ðàçíûå ðåæèìû äèíàìè÷åñêîãî äåôîðìèðîâàíèÿ
òåðìîóïðóãîé òðàíñâåðñàëüíî-èçîòðîïíîé ñðåäû. Äëÿ âûÿñíåíèÿ èõ ôèçè-
÷åñêîãî ñìûñëà ïðèâåäåíû ãðàôèêè, õàðàêòåðèçóþùèå èçìåíåíèå ñ ðîñòîì
âðåìåíè t > 0 äåôîðìèðóåìîé âåêòîðîì ïåðåìåùåíèé è òåìïåðàòóðîé åäè-
íè÷íîé ñôåðû G, çàäàííîé óðàâíåíèåì

( ) ( ) ( )x x y y z z- + - + - =0
2

0
2

0
2 1,

ãäå åå öåíòð ( , , )x y z0 0 0 âûáèðàåòñÿ òàê, ÷òîáû äàííàÿ ïîâåðõíîñòü íàõî-
äèëàñü âíóòðè äåôîðìèðóåìîé ñðåäû.

Ïåðâîå ðåøåíèå îïðåäåëÿåòñÿ ïî ôîðìóëàì:
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Çäåñü a, , , ( , ,..., )k l ñ mm = 1 2 11 – ïðîèçâîëüíûå ïîñòîÿííûå.
Ïóñòü c ii = =2 1 2 3( , , ), c jj = =1 4 6 7 8 9 10 11( , , , , , , ), a = 2, k =1, l = -1,

x y z0 0 0 3= = = . Ðèñ. 1 (k (k = 1, 2, …, 6)) ïîêàçûâàåò ðåçóëüòàò äåôîðìè-
ðîâàíèÿ ïîâåðõíîñòè G ñ öåíòðîì â òî÷êå (3, 3, 3).

Èç ðèñ. 1 ñëåäóåò, ÷òî åäèíè÷íàÿ ñôåðà, ðàñïîëîæåííàÿ âíóòðè äåôîðìè-
ðóåìîé ñðåäû, íåçíà÷èòåëüíî èçìåíÿåò ñâîþ ôîðìó. Ýòî îçíà÷àåò, ÷òî â äàí-
íîì ðåæèìå â ðåçóëüòàòå äèíàìè÷åñêîãî äåôîðìèðîâàíèÿ òåðìîóïðóãîé
òðàíñâåðñàëüíî-èçîòðîïíîé ñðåäû íå ñëåäóåò îæèäàòü îáðàçîâàíèÿ òðåùèí.

Âòîðîå ðåøåíèå îïðåäåëÿåòñÿ ïî ôîðìóëàì:
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ãäå a ¹ =0 1 2 11, , , ( , ,..., )k l ñ mm – ïðîèçâîëüíûå ïîñòîÿííûå.
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Ïóñòü c ii = =2 1 2 3( , , ), c jj = =1 4 6 7 9 10 11( , , , , , ), c8 8= - , a = 1, k = 3,
l = 3. Ðèñ. 2 (ê (ê = 1, 2, …, 6)) ïîêàçûâàåò ðåçóëüòàò äåôîðìèðîâàíèÿ
ïîâåðõíîñòè G ñ öåíòðîì â òî÷êå (2, 2, 2).

Èç ðèñ. 2 ñëåäóåò, ÷òî åäèíè÷íàÿ ñôåðà, ðàñïîëîæåííàÿ âíóòðè äåôîðìè-
ðóåìîé ñðåäû, çíà÷èòåëüíî èçìåíÿåò ñâîþ ôîðìó, ðàñòÿãèâàÿñü âäîëü îñè Ox.
Ýòî îçíà÷àåò, ÷òî â äàííîì ðåæèìå â ðåçóëüòàòå äèíàìè÷åñêîãî äåôîðìèðî-
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Ðèñ. 1. Íåçíà÷èòåëüíîå äåôîðìèðîâàíèå ïîâåðõíîñòè G

Fig. 1. Slight deformation of the surface of the G



âàíèÿ òåðìîóïðóãîé òðàíñâåðñàëüíî-èçîòðîïíîé ñðåäû ñëåäóåò îæèäàòü
îáðàçîâàíèÿ òðåùèí, ïàðàëëåëüíûõ ýòîé îñè.

Îïûò ïîñëîéíîé óêëàäêè ïîëèñòèðîëáåòîíà ñ ðàçëè÷íûìè ðåæèìàìè òåð-
ìîîáðàáîòêè ñìåñè â òåðìîðåàêòîðå 3D-ïðèíòåðà ïîêàçûâàåò (ðèñ. 3), ÷òî îá-
ðàçîâàíèå òðåùèí íà ïîâåðõíîñòè ôîðìèðóåìîãî ñëîÿ ïðîèñõîäèò íå âñåãäà.

Ìÿãêèå ðåæèìû òåðìîîáðàáîòêè ïîçâîëÿþò ïîëó÷àòü ñëîé ìàòåðèàëà,
ïðàêòè÷åñêè íå ïîâðåæäåííûé òðåùèíàìè. Îäíàêî òàêèå ðåæèìû ñóùåñò-
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Ðèñ. 2. Çíà÷èòåëüíîå äåôîðìèðîâàíèå ïîâåðõíîñòè G

Fig. 2. Significant deformation of the surface of the G



âåííî ñíèæàþò òåìï âîçâåäåíèÿ êîíñòðóêöèè, ÷òî âðÿä ëè óñòðîèò ðåàëüíîå
ïðîèçâîäñòâî. Òåîðåòè÷åñêèå è ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ ïîêàçûâà-
þò, ÷òî îòûñêàíèå îïòèìàëüíûõ ðåæèìîâ òåðìîîáðàáîòêè â òåðìîðåàêòîðå
ÿâëÿåòñÿ ðåàëüíîé çàäà÷åé, ðåçóëüòàòîì êîòîðîé áóäåò óâÿçêà ïðîèçâîëüíûõ
ïîñòîÿííûõ, ïîëó÷åííûõ â òåîðåòè÷åñêîì èññëåäîâàíèè, ñ ïàðàìåòðàìè
ýëåêòðîðàçîãðåâà ïîëèñòèðîëáåòîííîé ñìåñè.

Çàêëþ÷åíèå. Â íàñòîÿùåé ðàáîòå ìåòîäàìè ãðóïïîâîãî àíàëèçà äèôôå-
ðåíöèàëüíûõ óðàâíåíèé, êîòîðûé ÿâëÿåòñÿ îäíèì èç ñàìûõ ìîùíûõ è ýôôåê-
òèâíûõ èíñòðóìåíòîâ ïîëó÷åíèÿ òî÷íûõ ðåøåíèé, èññëåäîâàëàñü òðåõìåðíàÿ
äèíàìè÷åñêàÿ ìîäåëü òðàíñâåðñàëüíî-èçîòðîïíîé òåðìîóïðóãîé ñðåäû. Âû-
ïîëíåíî ãðóïïîâîå ðàññëîåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðî-
ãî ïîðÿäêà, çàäàþùåé ýòó ìîäåëü, îòíîñèòåëüíî ïñåâäîãðóïïû, äîïóñêàåìîé
ýòîé ñèñòåìîé, ïðè øèðîêî èñïîëüçóåìûõ â ãåîôèçèêå óñëîâèÿõ Ãàññìàíà.

Â ðåçóëüòàòå ïîëó÷åíà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî
ïîðÿäêà, ýêâèâàëåíòíàÿ óðàâíåíèÿì èñõîäíîé ìîäåëè. Íàéäåíû äâà òî÷íûõ
ðåøåíèÿ ýòîé ñèñòåìû, êîòîðûå îïèñûâàþò ïðèíöèïèàëüíî ðàçíûå ðåæèìû
äèíàìè÷åñêîãî äåôîðìèðîâàíèÿ òåðìîóïðóãîé òðàíñâåðñàëüíî-èçîòðîïíîé
ñðåäû. Äëÿ âûÿñíåíèÿ èõ ôèçè÷åñêîãî ñìûñëà ïðèâåäåíû ãðàôèêè, õàðàêòå-
ðèçóþùèå èçìåíåíèå ôîðìû âûäåëåííîé â òðàíñâåðñàëüíî-èçîòðîïíîé òåð-
ìîóïðóãîé ñðåäå åäèíè÷íîé ñôåðû â ðåçóëüòàòå åå äåôîðìàöèè ïîä äåéñòâè-
åì íàéäåííûõ ïåðåìåùåíèé è òåìïåðàòóðû. Õàðàêòåð åå äåôîðìàöèè îïðå-
äåëÿåò âîçìîæíîñòü ïîÿâëåíèÿ òðåùèí â èçäåëèè è óêàçûâàåò íåîáõîäèìûé
ðåæèì ôîðñèðîâàííîãî ýëåêòðîðàçîãðåâà ïîëèñòèðîëáåòîííîé ñìåñè â ïå÷à-
òàþùåé ãîëîâêå 3D-ïðèíòåðà, íå ïðèâîäÿùèé ê îáðàçîâàíèþ òðåùèí (ðàñ-
ñëîåíèþ) â íàïå÷àòàííîì ìàññèâå ïîñëå åãî óêëàäêè â êîíñòðóêöèþ.
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Ðèñ. 3. Ôàêòè÷åñêîå ñîñòîÿíèå ïîâåðõíîñòè ñëîÿ ïîëèñòèðîëáåòîíà
íà âûõîäå èç òåðìîðåàêòîðà 3D-ïðèíòåðà ïîñëå òåðìîîáðàáîòêè
ñ ïàðàìåòðàìè ðàçîãðåâà áåç îáðàçîâàíèÿ òðåùèí (à) è ñ ðàñòðåñêè-

âàíèåì ìàòåðèàëà (á)

Fig. 3. The actual state of the surface of the polystyrene concrete layer at
the outlet of the 3D printer thermoset after heat treatment with heating
parameters without cracking (a) and with cracking of the material (b)



Ïîëó÷åííûå çàâèñèìîñòè ïîçâîëÿþò îáîñíîâàííî ïîäîéòè ê ïðîåêòèðî-
âàíèþ ïå÷àòàþùåé ãîëîâêè ïðèíòåðà è íàçíà÷åíèþ ðåæèìîâ ïîäúåìà òåìïå-
ðàòóðû ïîëèñòèðîëáåòîííîé ñìåñè â çàâèñèìîñòè îò ðåöåïòóðû ïå÷àòàþùå-
ãî ìàòåðèàëà è òåìïåðàòóðû îêðóæàþùåé ñðåäû. Ðåçóëüòàòû èññëåäîâàíèÿ
ìîãóò áûòü èñïîëüçîâàíû ïðè âîçâåäåíèè ñòðîèòåëüíûõ êîíñòðóêöèé èç ïî-
ëèñòèðîëáåòîíà.
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